Contents

1 Introduction page 1
1.1 Problems and Algorithms 1
1.2 Graphs and Euler’s Theorem 4
1.3 Some Basic Combinatorial Optimization Problems 9
1.4 Christofides’ Algorithm 11
1.5  Cycle Cover Algorithm 17
Exercises 19
2 Linear Programming Relaxations of the Symmetric TSP 22
2.1 The Subtour LP 22
2.2 Solving a Linear Program 24
2.3 Polyhedral Descriptions of Connectors and 7-Joins 29
2.4  Integrality Ratio 35
2.5  Splitting Off 40
Exercises 44
3 Linear Programming Relaxations of the Asymmetric TSP 47
3.1  The Two Basic LP Relaxations of the Asymmetric TSP 47
3.2 Directed Splitting Off 48
3.3 A Third LP Relaxation of the Asymmetric TSP 52
3.4  Integral and Minimum-Cost Circulations 54
3.5 Integrality Ratio 56
3.6  Lower Bound on the Integrality Ratio 58
Exercises 63
4 Duality, Cuts, and Uncrossing 66
4.1  LP Duality 66
4.2 Uncrossing 68
4.3 Extreme Point Solutions 76
4.4 Near-Minimum Cuts 80
ix

This material has been published by Cambridge University Press as "Approximation Algorithms
for Traveling Salesman Problems" by Vera Traub and Jens Vygen https://doi.org/10.1017/
9781009445436. This pre-publication version is free to view and download for personal use only.
Not for re-distribution, re-sale, or use in derivative works.

(©Vera Traub and Jens Vygen 2024.



X Contents

Exercises 84
5 Thin Trees and Random Trees 87
5.1  Completing Connected Digraphs to Tours 87
5.2 Random Spanning Trees with Negative Correlation 90
5.3  Electrical Networks 93
5.4  How to Sample Spanning Trees 103
5.5  Thin Trees Suffice 107
Exercises 109
6 Asymmetric Graph TSP 114
6.1  Preliminaries on Asymmetric Graph TSP 114
6.2  Covering Subtours for Asymmetric Graph TSP 116
6.3 Outline of Svensson’s Algorithm 119
6.4  Initializing Svensson’s Algorithm 121
6.5  Svensson’s Algorithm 128
Exercises 132
7 Constant-Factor Approximation for the Asymmetric TSP 134
7.1  Outline of the Asymmetric TSP Algorithm 134
7.2 Reducing to Strongly Laminar Instances 136
7.3 Nice Paths 139
7.4  Vertebrate Pairs 140
7.5  Reducing to Vertebrate Pairs 142
7.6 Subtour Cover 148
7.7  Initializing Svensson’s Algorithm for Vertebrate Pairs 150
7.8  Adapting Svensson’s Algorithm to Vertebrate Pairs 152
Exercises 157
8 Algorithms for Subtour Cover 159
8.1  The Split Graph 159
8.2  Witness Flows 162
8.3  Rerouting 166
8.4  Rounding 169
8.5  Mapping Back to G 172
8.6 Better Subtour Covers by Acyclic Witness Flows 174
Exercises 182
9 Asymmetric Path TSP 183
9.1  Overview 183
9.2 Reduction to Asymmetric TSP 186
9.3  Linear Programming Relaxation 190
9.4  Asymmetric Graph Path TSP 194

This material has been published by Cambridge University Press as "Approximation Algorithms
for Traveling Salesman Problems" by Vera Traub and Jens Vygen https://doi.org/10.1017/
9781009445436. This pre-publication version is free to view and download for personal use only.
Not for re-distribution, re-sale, or use in derivative works.

(©Vera Traub and Jens Vygen 2024.



Contents X1

9.5  Reducing to Strongly Laminar Instances 196
9.6  Another Black-Box Reduction to Asymmetric TSP 203
9.7  Algorithms for Asymmetric Path TSP 205
Exercises 210
10  Parity Correction of Random Trees 212
10.1 Random Sampling for Graph TSP 212
10.2  The Karlin—Klein—Oveis Gharan Algorithm 216
10.3  An Almost Laminar Family of Near-Minimum Cuts 217
10.4 Reduction to a Hierarchy of Near-Minimum Cuts 221
10.5 Bounding the Integrality Ratio 226
Exercises 227
11 Proving the Main Payment Theorem for Hierarchies 231
11.1  Outline of the Proof 231
11.2  Strongly Rayleigh Distributions 239
11.3 Bad Edges 245
11.4 Insufficient Fractionality 247
11.5 Polygons 252
11.6 Derandomization 260
Exercises 264
12 Removable Pairings 265
12.1  Graph TSP 265
12.2  The Momke—Svensson Theorem 266
12.3  Subcubic Graphs 269
12.4 Removable Pairings via Circulation 270
12.5 Mucha’s Analysis 274
12.6 Removable Pairings via s-7-Numbering 277
Exercises 278
13 Ear-Decompositions, Matchings, and Matroids 280
13.1 Ear-Decompositions 280
13.2 Removable Pairings via Ear-Decompositions 282
13.3  Frank’s Theorem 283
13.4 Nice and Nicer Ear-Decompositions 290
13.5 The %-Approximation Algorithm 296
13.6 Two-Edge-Connected Spanning Subgraph Problem 299
Exercises 300
14 Symmetric Path TSP and 7-Tours 303
14.1 Hoogeveen’s Path Variants and T-Tours 303
14.2 LP Relaxations of Path TSP and the T-Tour Problem 308

This material has been published by Cambridge University Press as "Approximation Algorithms
for Traveling Salesman Problems" by Vera Traub and Jens Vygen https://doi.org/10.1017/
9781009445436. This pre-publication version is free to view and download for personal use only.
Not for re-distribution, re-sale, or use in derivative works.

(©Vera Traub and Jens Vygen 2024.



Xii Contents

14.3  Narrow Cuts 314
14.4 T-Tours and Path TSP in Graphs 315
14.5 A General Reduction 320
Exercises 322
15 Best-of-Many Christofides and Variants 324
15.1 Decomposing an LP Solution into Spanning Trees 324
15.2  Analysis of Best-of-Many Christofides 328
15.3 Working with a Better Distribution 333
15.4 Parity Correction of Forests 339
15.5 A Better Algorithm for T-Tours 346
Exercises 349
16 Path TSP by Dynamic Programming 351
16.1 Reducing Path TSP to Instances with Near Endpoints 351
16.2  Zenklusen’s %—Approximation Algorithm for Path TSP 356
16.3 Reducing Path TSP to TSP: Outline 362
16.4 Multi-Path TSP 364
16.5 The Case of Short Total Distance 365
16.6 Induced Instances on Subsets 366
16.7 The Case of Long Total Distance 369
Exercises 378
17 Further Results, Related Problems 381
17.1 Inapproximability 381
17.2  Two-Edge-Connected Spanning Subgraphs 382
17.3  Special Cases and Variants of the Symmetric TSP 385
17.4  Prize-Collecting TSP and Orienteering 387
17.5 A Priori TSP 390
17.6  Vehicle Routing 394
Exercises 397
18 State of the Art, Open Problems 400
18.1 Summary of the State of the Art 400
18.2  Open Problems 403
Bibliography 407

This material has been published by Cambridge University Press as "Approximation Algorithms
for Traveling Salesman Problems" by Vera Traub and Jens Vygen https://doi.org/10.1017/
9781009445436. This pre-publication version is free to view and download for personal use only.
Not for re-distribution, re-sale, or use in derivative works.

(©Vera Traub and Jens Vygen 2024.



