Sei P={x e R" | Ax = b,x > 0} ein Polyeder mit rank(A) = m < n.
Dann ist ein Vektor x’ € P genau dann eine Ecke von P, wenn er ein
zulassige Basislosung ist.
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Sei P={x e R" | Ax = b,x > 0} ein Polyeder mit rank(A) = m < n.
Dann ist ein Vektor x’ € P genau dann eine Ecke von P, wenn er ein
zulassige Basislosung ist.

Beweis: Der Vektor x’ ist genau dann eine Ecke von P, wenn er alle
Ungleichungen der folgendes Systems erfullt und davon n linear
unabhangige mit Gleichheit:

Ax < b
—Ax < —b
—Ihx < 0

Das ist genau dann der Fall, wenn x" > 0, Ax’ = b und xj, = O fir eine
Menge NC {1....,nf mit|[N|=n—m,sodassmitB={1.... n} \ N
die Matrix Ag vollen Rang hat. Das ist aquivalent dazu, eine zulassige
Basislosung zu sein. O









Simplex Algorithm: Example |

St. — X4 + Xo + Xj = 1
X + Xy = 3

Xo + X5 = 2

XX , X , X3 , X4 , x5 > 0
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Simplex Algorithm: Example |

max X1 + Xo

St. — X4 + Xo + X3 = 1
X + Xy = 3

Xo + X5 = 2

X4 5, Xo , X3 , X4 , x5 > 0

1 00
Initial basis: {3,4,5}. = Ag=| 0 1 0
0 0 1
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Simplex Algorithm: Example |

St. — X4 + Xo + X3 = 1
X + Xy = 3

Xo + X5 = 2

X4 5, Xo , X3 , X4 , x5 > 0

1 00
Initial basis: {3,4,5}. = Ag=| 0 1 0
0 0 1

Simplex tableau:

X3 = 1 4+ X4 — Xo
Xg2 = 3 — Xj
X5 = 2 — Xo

N
I
I
_|_
<
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Simplex Algorithm: Example |

St. — X4 + Xo + X3 = 1
X + Xy = 3

Xo + X5 = 2

X4 5, Xo , X3 , X4 , x5 > 0

1 00
Initial basis: {3,4,5}. = Ag=| 0 1 0
0 0 1

Simplex tableau:

X3 = 1 4+ X4 — X

Xg2 = 3 — Xj

X5 = 2 — Xo
zZz = X1 + Xo

Recent solution: (0,0,1,3,2)

126



Simplex Algorithm: Example |

Xg = 1 4+ X 1 — Xo

Xg2 = 3 — Xy

X5 = 2 —  Xo
zZz = X1 + Xo

Increase exactly one of the non-basic variables with positive coefficient
in the objective function.
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Simplex Algorithm: Example |

X3 = 1 4+ X4 — Xo

Xg2 = 3 — Xy

X5 = 2 —  Xo
zZz = X1 + Xo

Increase exactly one of the non-basic variables with positive coefficient
in the objective function.
We choose xo. How much can we increase it?
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Simplex Algorithm: Example |

X3 = 1 4+ X4 — Xo

Xg2 = 3 — Xy

X5 = 2 —  Xo
zZz = X1 + Xo

Increase exactly one of the non-basic variables with positive coefficient
in the objective function.
We choose xo. How much can we increase it?

Constraints:

x3 =1+ Xy — Xo:  Xo cannot get larger than 1.
X4 =3 — Xq . Nno constraint on xo.

X5 = 2 — Xo:  Xo cannot get larger than 2.
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Simplex Algorithm: Example |

X3 = 1 4+ X4 — X

Xg2 = 3 — Xy

X5 = 2 —  Xo
zZz = X1 + Xo

Increase exactly one of the non-basic variables with positive coefficient
in the objective function.
We choose xo. How much can we increase it?

Constraints:

x3 =1+ Xy — Xo:  Xo cannot get larger than 1.
X4 =3 — Xq . Nno constraint on xo.

X5 = 2 — Xo:  Xo cannot get larger than 2.

Strictest constraint: x5 = 1 + x4 — Xx»
= Replace 3 by 2 in B.
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Simplex Algorithm: Example |

First tableau:

X3 = 1 4+ X4 — Xo
X2 = 3 — Xj

X5 = 2 —  Xo
zZz = X1 + Xo

Replace 3 by 2 in the basis B: B= {2,4,5}:
Xo =14+ X1 — Xa.

Second tableau:

X2 = 1 + X1 — X3
X2 = 3 — X

x5 = 1 — X1 + X3
z =1 + 2x1 — X3
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Simplex Algorithm: Example |

First tableau:

X3 = 1 4+ X4 — Xo
X2 = 3 — Xj

X5 = 2 —  Xo
zZz = X1 + Xo

Replace 3 by 2 in the basis B: B= {2,4,5}:
Xo =14+ X1 — Xa.

Second tableau:

X2 = 1 + X1 — X3
X2 = 3 — X

x5 = 1 — X1 + X3
z =1 + 2x1 — X3

Recent solution: (0,1,0,3,1)
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Simplex Algorithm: Example |

Second tableau:

X2 = 1 + X1 — X3
X, = 3 — X

s = 1 — X1 + X3
z = 1 + 2x1 — X3
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Simplex Algorithm: Example |

Second tableau:

Xo = 1 + X 1 — X3
X, = 3 — X

Xxs = 1 — X4 4+ X3
z =1 4+ 2x9 — X3

Only one candidate: xq
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Simplex Algorithm: Example |

Second tableau:

Xo = 1 + X 1 — X3
X, = 3 — X

Xxs = 1 — X4 4+ X3
z =1 4+ 2x9 — X3

Only one candidate: xq
x5 =1 — Xy + x3 is critical. Replace 5by 1in B: B={1,2,4}.
Xy =14 X3 — Xs.

Third tableau:
XX =1 4+ X3 — X5
Xo = 2 — X5
Xq2 = 2 — X3 + Xs
Z = 3 4+ X3 — 2Xs5
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Simplex Algorithm: Example |

Second tableau:

X2 = 1 + X1 — X3
X, = 3 — X

s = 1 — X1 + X3
z = 1 + 2x1 — X3

Only one candidate: xq
x5 =1 — Xy + x3 is critical. Replace 5by 1in B: B={1,2,4}.
Xy =14 X3 — Xs.

Third tableau:
XxxT = 1 4+ X3 — X
Xo = 2 .G
Xq2 = 2 — X3 + Xs
Z = 3 4+ X3 — 2Xs5

Recent solution: x = (1,2,0,2,0).
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Simplex Algorithm: Example |

Third tableau:
XX =1 4+ X3 — X5
Xo = 2 — X5
Xq,2 = 2 — X3 + Xsg
Z = 3 4+ X3 — 2X5
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Simplex Algorithm: Example |

Third tableau:

X1 = 1 4+ X3 — Xsg
Xo = 2 — X5
Xq,2 = 2 — X3 + Xsg
Z = 3 + X3 — 2Xs5

Only one candidate: x3

X4 =2 — X3 + x5 is critical. Replace 4 by 3in B: B= {1,2,3}.
X3 =2 — X4 + X5

Fourth tableau:

X1 = 3 — X4

Xo = 2 — Xs
X3 = 2 — X4 + Xs
Z = 5 — X4 — X5

138



Simplex Algorithm: Example |

Third tableau:
XX =1 4+ X3 — X5
Xo = 2 — X5
Xq,2 = 2 — X3 + Xsg
Z = 3 4+ X3 — 2X5

Only one candidate: x3

X4 =2 — X3 + x5 is critical. Replace 4 by 3in B: B= {1,2,3}.
X3 =2 — X4 + X5

Fourth tableau:

X1 = 3 — X4

Xo = 2 — X5
X3 = 2 — X4 + Xs
Z = 95 — X4 — X

Recent solution: x = (3,2,2,0,0).
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Simplex Algorithm: Example |

Fourth tableau:

X1 = 3 — X4

Xo = 2 .G
X3 = 2 — Xa + Xs
Z = 5 — X4 — X5

Recent solution: x = (3,2,2,0,0).
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Simplex Algorithm: Example |

Fourth tableau:

X1 = 3 — X4

Xo = 2 .G
X3 = 2 — Xa + Xs
Z = 5 — X4 — X5

Recent solution: x = (3,2,2,0,0).

This is an optimum solution!
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Simplex Algorithm: Example I

Second Example: Unboundedness
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Simplex Algorithm: Example Il: Unboundedness

max X1
S.t X4 — Xo + Xj = 1
—X1 + Xo + X4 = 2
X1 , Xo , X3 , X4 > 0

Initial basis: B={3,4}
Simplex Tableau:

&S
|
|

I

_|_

|\>><
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Simplex Algorithm: Example Il: Unboundedness

max X1
S.t X4 — Xo + Xj = 1
—X1 + Xo + X4 = 2
X1 , Xo , X3 , X4 > 0

Initial basis: B={3,4}
Simplex Tableau:

X3 = 1 — X4 4+ X
X2 = 2 + X4 — Xo
Z = X1

Recent solution: x = (0,0,1,2).
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Simplex Algorithm: Example Il: Unboundedness

First Tableau:

X3:1—X1‘|—X2
X4, = 2 + X4 — Xo
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Simplex Algorithm: Example Il: Unboundedness

First Tableau:

X3 = 1 — X 1 + Xo
X4, = 2 + X4 — Xo
Z = X1

Only one candidate: x1. x3 = 1 — Xy + X» is critical. Replace 3 by 1 in
B: B={1,4}.

Xy =14+ Xo — X3.

Second Tableau:

X1:1—|—X2—X3
X4:3 — X3
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Simplex Algorithm: Example Il: Unboundedness

First Tableau:

X3 = 1 — X 1 + Xo
X4, = 2 + X4 — Xo
Z = X1

Only one candidate: x1. x3 = 1 — Xy + X» is critical. Replace 3 by 1 in
B: B={1,4}.

Xy =14+ Xo — X3.

Second Tableau:

X1 = 1 + Xo — X3
X4 = 3 — X3
z =1 4+ X — X3

Recent solution:
x=(1,0,0,3).
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Simplex Algorithm: Example Il: Unboundedness

Second Tableau:

X1 = 1 + Xo — X3
X4 = 3 — X3
z =1 + X — X3

Only one candidate: x».
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Simplex Algorithm: Example Il: Unboundedness

Second Tableau:

X1 = 1 + Xo — X3
X4 = 3 — X3
z =1 4+ X — X3

Only one candidate: x». No constraint for it!
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Simplex Algorithm: Example Il: Unboundedness

Second Tableau:

X1 = 1 + Xo — X3
X4 = 3 — X3
z =1 4+ X — X3

Only one candidate: x». No constraint for it!

= The LP is unbounded
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Simplex Algorithm: Example

Second Example: Degeneracy
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Simplex Algorithm: Example Ill: Degeneracy

MaxXx

S.t. —Xq
X1
X1

Initial basis: B = {3,4}
Simplex Tableau:

vV

NN O

o



Simplex Algorithm: Example Ill: Degeneracy

max Xo
St. — x4 + X2 4+ X3
X T X4
X‘] 3 X2 9 X3 Y X4
Initial basis: B = {3,4}
Simplex Tableau:
X3 = X1 — X2
X4 = 2 — X
Z = X2

= x = (0,0, 0,2): degenerated solution.

153
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Simplex Algorithm: Example Ill: Degeneracy

First Tableau:

X3 = X1 — Xo
X4 = 2 — X 1
Z = Xo

Want to increase x». X3 = X1 — Xo Is critical. Replace 3 by 2 in B:
B=1{24}.

Xo = X1 — X3. We will replace 3 by 2 in the basis.

But: We cannot increase xo.

Second Tableau:

Xo = X1 — X3
X4 = 2 — X 1
zZ = Xyt — X3

Recent solution: x = (0,0,0,2).
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Simplex Algorithm: Example Ill: Degeneracy

Second Tableau:

Xo = X1 — X3

X4, = 2 — Xj

Z = X1 — X3
Increase xq1. X4 = 2 — xq is critical. xy = 2 — x4. New base
B=1{1,2,0,0}.
Third Tableau:

X1 = 2 — X4

Xo = 2 — X3 — X4

Z = 2 — X3 — X4
Optimum solution: x = (2,2,0,0).



Das Simplex-Tableau

Flr eine zulassige Basis B ist das Simplex-Tableau ein System 7(B)
von m—+ 1 linearen Gleichungen mit Variablen x;, ..., x, und z der

Form
xg = p + Qxy
z = ZzZy + rixy

und den folgenden Eigenschaften:

e Xxg ist der Vektor der Basisvariablen, N = {1,.... n} \ B, und xy ist
der Vektor der Nicht-Basisvariablen,

e [(B) hat die gleiche Losungsmenge wie das System Ax = b,
Z2=0G'X.

o pist ein Vektor der Lange m, Q ist eine m x (n — m)-Matrix, r ist
ein Vektor der Lange n — m, und z; € R.
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Das Simplex-Tableau

Simplex-Tableau 7 (B):

XB
Z

p + Qxy
Zo + r'xy

Beachte, dass p durch B indiziert ist (und entsprechend fur r).
Insbesondere sind die Zeilen von Q durch B indiziert und die Spalten
durch N. Bezeichne die Eintrage von Q mit g; (fir / € Bund j € N).
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LP: max{cix | Ax = b, x > 0}.
Simplex-Tableau 7 (B):

xg = p + Qxy

z = Zyz + rixy

Wichtige Eigenschaften:

e x ¢ R"ist genau dann eine Lésung von Ax = b, wenn xg und X
eine Losung von x;, = p + Qxy ist.

e Fir jeder Losung x € R" von Ax = b qilt ¢'x = z5 + rixy.
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Das Simplex-Tableau

Flr jede zulassige Basis B gibt es ein Simplex-Tableau 7(B).
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Das Simplex-Tableau

Flr jede zulassige Basis B gibt es ein Simplex-Tableau 7(B).

/45 —'% A, A =E

Beweli: S_e1tze Ax = 5/ e — =

e p=Ajg b; I

= P &P«

e I =CN — (CtBAE1AN)t, und b el

e 2o = cLAS'b. Z = g e
Dann qilt: - - .

Xg = A§1b — AE1ANXN & Apxp=b—-Anxy & Ax =0Db.

Aul3erdem:

zZ = CtBAE1b - (C/tV — (CtBA§1AN))XN

= CtBAE1 (b— AnXxn) + C;\,XN — CtBA§1ABXB + CItVXN

= c5xg + ciyxy = c'x. O
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Optimalitatskriterium:

' A?//(/ ete ~C Z é?é" ,f_?/?// /‘@'-/(, ¥4 rec ?/pe_ %c;‘é .

Sei T(B):
xg = p + Qxy
z = Zzy + rixy

ein Simplextableau flr eine zulassige Basis B. Falls r < 0, dann ist
die Basislosung zu B optimal.
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Optimalitatskriterium:

Sei T(B):
xg = p + Qxy
z = Zzy + rixy

ein Simplextableau flr eine zulassige Basis B. Falls r < 0, dann ist
die Basislosung zu B optimal.

Beweis: Sei x die Basislosung von B.
Wegen xy = 0 gilt ¢'x = zy(= cLA;'b).
Wenn x* irgendeine zulassige Lésung mit Wert z* = ¢!x* ist, dann
bilden x* und z* auch eine Losung von T(B), und es gilt (wegen r < 0
und x,, > 0):

z¥ =2y + r'xy < zp = clx.
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