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An Improved Approximation Algorithm for the
Maximum Weight Independent Set Problem in
d-Claw Free Graphs
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—— Abstract

In this paper, we consider the task of computing an independent set of maximum weight in a given
d-claw free graph G = (V, E) equipped with a positive weight function w : V' — RT. Thereby, d > 2
is considered a constant. The previously best known approximation algorithm for this problem is

the local improvement algorithm SquareImp proposed by Berman [2]. It achieves a performance
ratio of 4 + ¢ in time O(|V/(G)|*™ - (|[V(G)| + |E(G)|) - (d — 1)* - (2% + 1)2) for any € > 0, which has
remained unimproved for the last twenty years. By considering a broader class of local improvements,

63,701W + € for any € > 0 at the cost of an additional

we obtain an approximation ratio of 4 —
factor of (’)(|V(G)|(d_1)2) in the running time. In particular, our result implies a polynomial time
%—approximation algorithm. Furthermore, the well-known reduction from the weighted k-Set Packing
Problem to the Maximum Weight Independent Set Problem in k 4 1-claw free graphs provides a
% — m + e-approximation algorithm for the weighted k-Set Packing Problem for any ¢ > 0.
This improves on the previously best known approximation guarantee of % + € originating from

the result of Berman [2].
2012 ACM Subject Classification Theory of computation — Packing and covering problems
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An Improved Approximation Algorithm for the MWIS in d-Claw Free Graphs
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Figure 1 a d-claw C for d = 3

1 Introduction

For d > 1, a d-claw C [2] is defined to be a star consisting of one center node and a set T¢
of d additional vertices connected to it, which are called the talons of the claw (see Figure 1).
Moreover, similar to [2], we define a 0-claw to be a graph consisting only of a single vertex v,
which is regarded as the unique element of T in this case. An undirected graph G = (V, E)
is said to be d-claw free if none of its induced subgraphs forms a d-claw. For example, 1-claw
free graphs do not possess any edges, while 2-claw free graphs are disjoint unions of cliques.
For natural numbers k > 3, the Maximum Weight Independent Set Problem (MWIS) in
k + 1-claw free graphs is often studied as a generalization of the weighted k-Set Packing
Problem, which is defined as follows: Given a family S of sets each of size at most k together
with a positive weight function w : S — R™T, the task is to find a disjoint sub-collection of S
of maximum weight. By considering the conflict graph Gs associated with an instance of
the weighted k-Set Packing Problem, the vertices of which are given by the sets in S and
the edges of which represent non-empty set intersections, one obtains a weight preserving
one-to-one correspondence between feasible solutions to the k-Set Packing Problem and
independent sets in G g, which can be shown to be k + 1-claw free.

While as far as the weighted version of the k-Set Packing Problem is concerned, the algorithm
devised by Berman in 2000 [2] to deal with the MWIS in k 4 1-claw free graphs remains
unchallenged so far, considerable progress has been made for the cardinality variant during
the last decade. The first improvement over the approximation guarantee of k achieved by a
simple greedy approach was obtained by Hurkens and Schrijver in 1989 [9], who showed that
for any € > 0, there exists a constant p. for which a local improvement algorithm that first
computes a maximal collection of disjoint sets and then repeatedly applies local improvements
of constant size at most p., until no more exist, yields an approximation guarantee of g + €.
In this context, a disjoint collection X of sets contained in the complement of the current
solution A is considered a local improvement of size | X| if the sets in X intersect at most
|X| — 1 sets from A, which are then replaced by the sets in X, increasing the cardinality
of the found solution. Hurkens and Schrijver also proved that a performance guarantee of
% is best possible for a local search algorithm only considering improvements of constant
size, while Hazan, Safra and Schwartz [8] established in 2006 that no 0(@)-approximation
algorithm is possible in general unless P = N P. At the cost of a quasi-polynomial runtime,
Halldérsson [7] could prove an approximation factor of % by applying local improvements
of size logarithmic in the total number of sets. Cygan, Grandoni and Mastrolilli [5] managed
to get down to an approximation factor of % + ¢, still with a quasi-polynomial runtime.
The first polynomial time algorithm improving on the result by Hurkens and Schrijver was
obtained by Sviridenko and Ward [13] in 2013. By combining means of color coding with
the algorithm presented in [7], they achieved an approximation ratio of % This result
was further improved to % + € for any fixed € > 0 by Cygan [4], obtaining a polynomial
runtime doubly exponential in % The best approximation algorithm for the unweighted
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k-Set Packing Problem in terms of performance ratio and running time is due to Firer and
Yu from 2014 [6], who achieved the same approximation guarantee as Cygan, but a runtime
that is only singly exponential in %

Concerning the unweighted version of the MWIS in d-claw free graphs, as remarked in [13],
both the result of Hurkens and Schrijver as well as the quasi-polynomial time algorithms
by Halldérsson and Cygan, Grandoni and Mastrolilli translate to this more general context,
yielding approximation guarantees of % + €, % and g + €, respectively. However, it is not
clear how to extend the color coding approach relying on coloring the underlying universe to
the setting of d-claw free graphs [13].

When it comes to the weighted variant of the problem, even less is known. For d < 3, it is
solvable in polynomial time (see [10] and [12] for the unweighted, [11] for the weighted variant),
while for d > 4, again no o(ﬁ)—approximation algorithm is possible unless P = NP [§].
Moreover, in contrast to the unit weight case, considering local improvements the size of
which is bounded by a constant can only slightly improve on the performance ratio of d — 1
obtained by the greedy algorithm since Arkin and Hassin have shown that such an approach
yields an approximation ratio no better than d — 2 in general [1]. Thereby, analogously to
the unweighted case, given an independent set A, an independent set X is called a local
improvement of A if it is disjoint from A and the total weight of the neighbors of X in
A is strictly smaller than the weight of X. Despite the negative result in [1], Chandra
and Hallddrsson [3] have found that if one does not perform the local improvements in an
arbitrary order, but in each step augments the current solution A by an improvement X
that maximizes the ratio between the total weight of the vertices added to and removed
from A (if exists), the resulting algorithm, which the authors call BestImp, approximates the
optimum solution within a factor of %. By scaling and truncating the weight function to
ensure a polynomial number of iterations, they obtain a %d + e-approximation algorithm for
the MWIS in d-claw free graphs for any € > 0.

As already mentioned, the currently best known approximation guarantee for the MWIS
in d-claw free graphs is due to Berman [2], who suggested the algorithm SquareImp, which
iteratively applies local improvements of the squared weight function that arise as sets of talons
of claws in GG, until no more exist. An induced subgraph C of G is thereby called a claw in G
if there is some t > 0 such that C constitutes a t-claw. The algorithm Squarelmp achieves an
approximation ratio of %, leading to a polynomial time g + e-approximation algorithm for any
e > 0. Its running time can be bounded by O(|V (G)|**1-(|V(G)|+|E(G)|)-(d—1)* (£ + 1)2).
Berman also provides an example for w = 1 showing that his analysis is tight. It consists of
a bipartite graph G = (V, E) the vertex set of which splits into a maximal independent set
A=A{1,...,d— 1} such that no claw improves |A|, and an optimum solution B = (’f) U (‘;‘),
whereby the set of edges is given by E = {{a,b} : a € A,b € B,a € b}. As the example uses
unit weights, he also concludes that applying the same type of local improvement algorithm
for a different power of the weight function does not provide further improvements.
However, as also implied by the result in [9], while no small improvements forming the set of
talons of a claw in the input graph exist in the tight example given by Berman, once this
additional condition is dropped, improvements of small constant size can be found quite
easily (see Figure 2). This in turn indicates that considering a less restricted class of local
improvements may result in a better approximation guarantee.

In this paper, we revisit the analysis of the algorithm Squarelmp proposed by Berman
and show that whenever it is close to being tight, the instance actually bears a similar
structure to the tight example given in [2] in a certain sense. By further observing that if
this is the case, there must exist a local improvement (with respect to the squared weight
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{1,3} {2,3} {3} {4,3} {5,3}

(a) Example for a claw in the tight instance for d = 6. It does not improve A.
| J/ |
{1} {1,3} {2,3} {3} {4,3} {5,3}

(b) {{1},{1,3},{3}} constitutes a local improvement of constant size.

Figure 2 (Part of) the tight instance provided in [2].

function) of size at most d — 1+ (d —1)2, we can conclude that a local improvement algorithm
looking for improvements of w? obeying the aforementioned size bound achieves an improved
approximation ratio at the cost of an additional O(\V(G)|(d*1)2) factor in the running time.
The rest of this paper is organized as follows: In Section 2, we review the algorithm SquareImp
by Berman and give a short overview of the analysis pointing out the results we reuse in the
analysis of our algorithm. The latter is presented in Section 3, which also provides a detailed
analysis proving an approximation guarantee of % — m + € for any € > 0. Finally,
Section 4 concludes the paper with some remarks on possibilities to improve on the given

result, but also difficulties that one might face along the way.

2 Preliminaries

In this section, we shortly recap the definitions and main results from [2] that we will employ
in the analysis of our local improvement algorithm. We first introduce some basic notation
that is needed for its formal description.

» Definition 1 (neighborhood [2]). Given an undirected graph G = (V,E) and subsets
UW CV of vertices, we define the neighborhood N (U, W) of U in W as

NUW)={weW :3ueU:{u,w} € EVu=uw}
In order to simplify notation, foruw € V and W C V', we write N (u, W) instead of N ({u}, W).

» Notation 2. Given a weight function w : V. — R and some U C V, we write
w?(U) := Y, cp w?(u). Observe that in general, w*(U) # (w(U))?.

» Definition 3 ([2]). Given an undirected graph G = (V,E), a positive weight function
w:V — RY and an independent set A C V', we say that a vertez set B C V improves w2(A)
if B is independent in G and w?(A\N (B, A) U B) > w?(A) holds. For a claw C in G, we
say that C' improves w?(A) if its set of talons Tc does.

Observe that an independent set B improves A if and only if we have w?(B) > w?(N (B, A))
(see Proposition 12). Further note that we do not require B to be disjoint from A.

Using the notation introduced above, Berman’s algorithm SquareImp [2] can now be for-
mulated as in Algorithm 1. Observe that by positivity of the weight function, every v ¢ A
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Algorithm 1 Squarelmp [2]

Input: an undirected d-claw free graph G = (V, E) and a positive weight function
w:V = RY
Output: an independent set A CV
1 A+
2 while there exists a claw C in G that improves w*(A) do
8 | A« A\N(T,A)UTe

4 return A

such that A U {v} is independent constitutes the talon of a 0-claw improving w?(A), so the
algorithm returns a maximal independent set.

The main idea of the analysis of Squarelmp presented in [2] is to charge the vertices in A for
preventing adjacent vertices in an optimum solution A* from being included into A. The
latter is done by spreading the weight of the vertices in A* among their neighbors in the
maximal independent set A in such a way that no vertex in A receives more than % times its
own weight. The suggested distribution of weights thereby proceeds in two steps:

First, each vertex u € A* invokes costs of w at each v € N(u, A), leaving a remaining
weight of w(u) — M to be distributed. (Note that this term can be negative.)

In a second step, each vertex in u therefore sends an amount of w(u) — M to a heaviest
neighbor it possesses in A, which is captured by the following definition of charges:

» Definition 4 (charges [2]). Let G = (V, E) be an undirected graph and let w: V — RT be
a positive weight function. Further assume that an independent set A* CV and a maximal
independent set A C'V are given. We define a map charge : A* x A — R as follows:

For each u € A*, pick a vertex v € N(u, A) of mazimum weight and call it n(u). Observe
that this is possible, because A is a mazimal independent set in G, implying that N (u, A) # ()
since either u € A itself or u possesses a neighbor in A.

Next, foru e A* and v € A, define

{w(u) — Lw(N(u,A)) , ifv=n(u)

charge(u,v) :=
Be(w, ) 0 , otherwise

The definition of charges directly implies the subsequent statement:

» Corollary 5 ([2]). In the situation of Definition 4, we have

w(A*) = Z wNw, 4)) + Z charge(u, n(u))

ueA* 2 ucA*
N(u, A
<y A > charge(u, n(u)).
ueA* u€A*:charge(u,n(u))>0

The analysis proposed by Berman now proceeds by bounding the total weight sent to
the vertices in A during the two steps of the cost distribution separately. Lemma 6 thereby
bounds the weight received in the first step, while Lemma 7 and Lemma 8 take care of the
total charges invoked. (Note that although we have slightly changed the formulation of the
subsequent results to suit our purposes, they either appear in [2] in an equivalent form or
are directly implied by the proofs presented there.)
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» Lemma 6 ([2]). In the situation of Definition 4, if the graph G is d-claw free for some
d> 2, then

Z w(N(Qu,A)) < d—1 - w(A).

ucA*

» Lemma 7 ([2]). In the situation of Definition 4, for uw € A* and v € A with charge(u, v) > 0,
we have

w?(u) — w? (N (u, A)\{v}) > 2 - charge(u,v) - w(v).

» Lemma 8 ([2]). Let G = (V, E) be d-claw free, d > 2, and w : V — RT. Let further A* be
an independent set in G of mazimum weight and let A be independent in G with the property
that no claw improves w*(A). Then for each v € A, we have

w(v)
5

Z charge(u,v) <

u€A*:charge(u,v)>0

The proofs can be found in the appendix.
By combining Corollary 5 with the previous lemmata, one obtains Theorem 9, stating an
approximation guarantee of g:

» Theorem 9 ([2]). Let G = (V, E) be d-claw free, d > 2, and w : V — RY. Let further
A* be an independent set in G of maximum weight and let A be independent in G with the
property that no claw improves w?(A). Then

w(A*) < Z WiV, 4)) + Z charge(u, n(u)) < = - w(A).

2
uEA* u€ A*:charge(u,n(u))>0

|

After having recapitulated the results from [2] that we will reemploy in our analysis, we
are now prepared to study our algorithm that takes into account a broader class of local
improvements.

3 Improving the Approximation Factor

3.1 The Local Improvement Algorithm

» Definition 10 (Local improvement). Given a d-claw free graph G = (V, E), a strictly positive
weight functionw : V — RY and an independent set A C V', we call an independent set X C'V
a local improvement of w?(A) if | X| < (d—1)?+ (d — 1) and w?(A\N(X, A) U X) > w?(A).

» Proposition 11. Let G, w and A be as in Definition 10. If X is a local improvement of
w?(A), then A\N (X, A)U X is independent in G.

» Proposition 12. Let G, w and A be as in Definition 10. Then an independent set X of

size at most (d — 1)%2 + (d — 1) constitutes a local improvement of A if and only if we have
w3(N(X, A)) < w?(X).
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Algorithm 2 Local improvement algorithm

Input: an undirected d-claw free graph G = (V, E) and a positive weight function
w:V — RF
Output: an independent set A C V
1 A+ 0
2 while there exists a local improvement X of w?(A) do
s | A« ANKX,AHUX

4 return A

Proof. By Definition 1, we have N(X, A) C A and (A\N(X,A))NX =10, so

w?(A\N (X, A) U X) = w?(A\N(X, A)) + w?*(X)
= w?(A) —w*(N (X, A)) + w?(X),

implying the claim. <

The remainder of Section 3 is now dedicated to the analysis of Algorithm 2 for the
Maximum Weight Independent Set Problem in d-claw free graphs for d > 2. Thereby, the
main result of this paper is given by the following theorem:

» Theorem 13. If A* is an optimum solution to the MWIS in a d-claw free graph G for
some d > 2 and A denotes the solution returned by Algorithm 2, then we have

d 1
NN [ ). )
w(d”) < (2 63,700,992) w(4)

First, note that Algorithm 2 is correct in the sense that it returns an independent set. This
follows immediately from the fact that we maintain the property that A is independent
throughout the algorithm, because @ is independent and Proposition 11 tells us that none of
our update steps can harm this invariant.

Next, observe that Algorithm 2 is guaranteed to terminate since no set A can be attained
twice, given that w?(A) strictly increases in each iteration of the while-loop, and there are
only finitely many possibilities. Furthermore, each iteration runs in polynomial (considering
d a constant) time O(|V|@=D*+d=1. (|| 4 |E|)), because there are only O(|V|(d-D*+d-1)
many possible choices for X and we can check in linear time O(|V| + |E|) whether a given
one constitutes a local improvement.

In order to achieve a polynomial number of iterations, we scale and truncate the weight
function as explained in [3] and [2]. Given a constant N > 1, we first compute a greedy
solution A" and rescale the weight function w such that w(A’) = N - |V| holds. Then, we
delete vertices v of truncated weight |w(v)] = 0 and run Algorithm 2 with the integral weight
function |w]. In doing so, we know that |w]|?(A) equals zero initially and must increase by
at least one in each iteration. On the other hand, at each point, we have

[w]*(A) < w?(4) < (w(A))? < (d - 1)*w(A) = (d—1)* - N*- |[V]%,

which bounds the total number of iterations by the latter term. Finally, if » > 1 specifies the
approximation guarantee achieved by Algorithm 2, A denotes the solution it returns and A*
is an independent set of maximum weight with respect to the original respectively the scaled,
but untruncated weight function w, we know that

N -1

row(A) 2 v [w)(4) 2 [w] (A7) 2 w(A") — [A"] 2 w(A") - [V] 2 S - w(AY),
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so the approximation ratio increases by a factor of at most %

3.2 Analysis of the Performance Ratio

We now move on to the analysis of the approximation guarantee. Denote some optimum
solution by A* and denote the solution found by Algorithm 2 by A. Observe that by positivity
of the weight function, A must be a maximal independent set, as adding a vertex would
certainly yield a local improvement of w?(A).

We first show that for d = 2, our algorithm is actually optimal, so that we can restrict
ourselves to the case d > 3 for the main analysis. As already remarked earlier, 2-claw free
graphs are disjoint unions of cliques, so an optimum solution can be found by picking a
vertex of maximum weight from each clique. But this is precisely what Algorithm 2 does:
First, we know that it returns a maximal independent set A, which must hence contain
exactly one vertex per clique.

Second, if for some of the cliques, A contains a vertex v the weight of which is not maximum
among all vertices in the clique, and u ¢ A belongs to the same clique and has maximum
weight, then {u} constitutes a local improvement of w? since we have N(u,A) = {v}
and w?(v) < w?(u). This contradicts the termination criterion of our algorithm. Hence,
Algorithm 2 is optimum for d = 2, and we can assume d > 3 in the following.

For the analysis, we define two constants, 6 and e, which we choose to be § := % and
m. These choices satisfy a bunch of inequalities that are used throughout the
analysis and can be found in Appendix B.

Our goal is to show that Algorithm 2 produces a d‘;‘s -approximation. We use some notation
as well as most of the analysis of the algorithm Squarelmp by Berman. In particular, we
employ the same definition of neighborhoods and charges. Observe that this is well-defined
as we have seen that the solution A returned by our algorithm must constitute a maximal

€ =

independent set in the given graph.

For the remainder of this section, fix d > 3 and some instance of the MWIS in d-claw
free graphs given by a (d-claw free) graph G = (V,E) and a positive weight function
w:V — RT and pick an optimum solution A* for the given instance. Let further A denote
the solution returned by Algorithm 2. We have to prove that w(A*) < % -w(A). In doing
o, the first step of the analysis is to ensure that for almost all vertices u € A*, the total
weight of their neighborhood in A is only by a small constant factor larger than the weight of
u. For this purpose, we consider the set P of “payback vertices“ u € A* for which the total
weight of N(u, A) is at least three times as large as w(u). For these vertices, the first step of
the weight distribution employed in the analysis by Berman significantly overestimates their
weight in that they invoke total costs that are by a factor of 1.5 larger. As a consequence,
we can reduce the total weight sent to A by at least @, making each of the vertices in
P “pay back“ the unnecessary costs they have created, and still obtain an upper bound on
w(A*). But this means that the analysis of Berman, applied to our algorithm, can actually
only be close to tight if the total weight of P is almost zero, which is the essential statement

of the following lemma.

» Lemma 14. Let P := {u € A* : w(N(u,A4)) > 3-w(uw)}. Then for all v > 0, if
w(P) > v -w(A), we have w(A*) < CFT'Y ~w(A).

In order to prove an approximation factor of d*TE‘;, we can hence restrict ourselves to the
case where w(P) < €d - w(A) in the following.
Our next goal is to examine the structure of the neighborhoods N (v, A*) of vertices v € A

that receive a total amount of charges that is close to w(;), that is, for which the analysis of
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Squarelmp, applied to Algorithm 2, is almost tight. More precisely, we only consider those
neighbors of v sending positive charges to v and try to relate them to the vertices of the form
{4} respectively {i,j} for i # j (which actually invoke zero charges in the given instance)
from the tight example. For this purpose, the following definitions are required:

» Definition 15 (T,). For v € A, we define T, := {u € A* : charge(u,v) > 0}.

» Definition 16 (single vertex). For v € A, we call a vertex u € T, single if
(i) Y4 e[1— 61+ Ve and
(ii) w(N(u,A)) < (1+/e) - w(v).

» Definition 17 (double vertex). For v € A, we call a vertex u € T, double if |N(u, A)| > 2
and for vy = v and ve a vertex of mazimum weight in N(u, A)\{v1}, the following properties

hold:
() 5)((:1)) €[l—Vel+ Vel
(i) 22} € [1— /e 1] and

(iii)) (2—+e) - w(v1) <w(N(u, A)) <2-w(u).

Note that for v; and v as in the previous definition, we have w(v2) < w(vy) since we know

that v7 = v = n(u) is an element of N(u, A) of maximum weight by definition of T,, and
charges. Further observe that no vertex can be both single and double since this would imply
(2 =€) -w) <w(N(u,A)) < (1+ /€ w(v) and therefore 2 — /e <1+ /€, as w(v) > 0,
leading to € > ; contradicting (5).

The single vertices can be thought of as the vertices of the form {i} from the tight example,
while the double vertices are in correspondence with those vertices given by sets of size 2,
although in the given example, these actually would not be considered double themselves
since they send zero charges.

1—¢

» Lemma 18. For v € A, we either have ), .p charge(u,v) < -3¢ - w(v), or for each
u € T,, we have ezxactly one of the following:

(i) u is single or

(ii) w is double,

and moreover, there exists at most one u € T,, that is single.

We would like to provide some motivation why we are actually interested in a statement of
this type. To this end, first note that if the total weight of those vertices v € A satisfying
> uer, charge(u,v) < L=< . w(v) constitutes some constant fraction of w(A), we get an
improved approximation factor since we gain an §-fraction of the weight of each such vertex
when bounding the weight of A*. On the other hand, if there are only few such vertices
(in terms of weight), the vertices v € A for which the analysis of SquareImp is almost tight

when it comes to charges, and for which all vertices in the set T, can hence be classified as

being either single or double, possess a large total weight. The set comprising these vertices
v can be further split into the collection of those vertices that feature a neighbor that is
single, and the set of those who do not. In order to gain some intuitive understanding of
why Algorithm 2 achieves a better approximation guarantee than Squarelmp, we have to see
how both types of vertices can be helpful for our analysis.

For this purpose, let us first consider those vertices v € A all neighbors (in T,) of which
are double. Observe that for a double vertex ug € A*, its neighborhood N (ug, A) consists
of two vertices v1 = n(up) and ve of roughly the same weight as ug, plus maybe some
additional vertices the total weight of which is by a factor in the order of /e smaller. For
simplicity, imagine that v; and vs have exactly the same weight and that there are no further
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neighbors of ug in A. In this situation, it is completely arbitrary whether v; or vs is chosen
as n(up). In particular, we can bound both of the terms w?(ug) — w?(N (ug, A)\{v1}) and
w?(ug) — w?(N (ug, A)\{v2}) by 2 - charge(up, n(u)) - w(vi) = 2 - charge(ug, n(ug)) - w(v2)
from below. Moreover, the proof of Lemma 8 tells us that for each v € A, we actually get
the stronger statement

Z max{0, w?(u) — w*(N(u, A)\{v})} < w?(v).

u€N (v,A*)

When summing over all v € A, while every vertex u € A* adds at least 2 - charge(u, n(u)) by
Lemma 7, our “ideal® double vertex ug actually contributes twice as much since it adds an
amount of at least 2 - charge(u,n(u)) - w(vy2) for both vy and vs.

Although for general double vertices, the situation is more complicated, one can still show that
w?(u) —w?(N(u, A)\{v1}) amounts to almost 3-charge(u, v1)-w(vy), or u adds approximately
charge(u, v1) - w(vy) when it comes to vo. As a consequence, for those vertices v € A receiving
a total amount of charges of at least 156 -w(v) and all neighbors of which are double, the
total charges sent to v can be counted almost three instead of only two times, resulting in
an improved approximation factor provided the total weight of these vertices constitutes a
constant fraction of w(A).

We are therefore left with discussing the role of those v € A that possess at least one single
neighbor. By Lemma 18, we further know that those v have exactly one single neighbor,
which we denote by ¢(v) in the following. Recall that by definition of single vertices, this
neighbor bears roughly the same weight as v, and v makes up almost all of N(¢(v), A) in
terms of weight. Imagine removing each such vertex v with a single neighbor from A and its
neighbor t(v) € T, from A*. Then the sets of vertices removed from A and A*, respectively,
have roughly the same weight. It further constitutes a large fraction of w(A), provided that
w(P), as well as the total weight of vertices for which the analysis of Squarelmp is not
close to being tight and the total weight of vertices with only double neighbors are small.
(Remember that we obtain a better approximation guarantee if this is not the case.) But
now, given that the ratio between the weights of the sets of vertices we have removed from A
and A*, respectively, is close to 1, we must get an improved approximation guarantee unless
the ratio between the weights of the sets of vertices A”* and A’ remaining from A* and A is

way larger than g. But then, we know that we can find a local improvement X of w?(A’) in
the resulting instance, which can be extended to a local improvement in the original one by
adding vertices that were removed from A* to make up for the additional weight of neighbors
of X that were removed from A. The existence of this local improvement contradicts the
termination criterion of Algorithm 2.

We have therefore outlined the key ideas of the analysis of Algorithm 2 and in particular
convinced ourselves of the benefit of the lemma. Its proof can be found in the appendix.
After having seen that all neighbors of vertices v for which the analysis of Squarelmp, applied
to our algorithm, is almost tight, are either double or single, we continue by establishing the
“usefulness“ of double vertices. As already outlined before, we show that the charges invoked
by these can be counted almost three instead of only two times, which is captured by the
next lemma.

» Lemma 19. Let u € T, be double, let v = vy and let vo be a vertex of maximum weight in
N(u, A)\{v1}. Then at least one of the following inequalities holds:

(i) w?(u) — w2 (N (u, A)\{o1}) > 12 - charge(u, vy) - w(vr) or

(i) w?(u) — w?(N(u, A)\{v2}) > 22 - charge(u, v1) - w(vs).
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When motivating Lemma 18, we proposed to add charges invoked by vertices in A* to a
certain extent for vertices in A. This rather vague idea is clarified by the next definition as
well as the two propositions and the lemma it is followed by.

While Proposition 21 bounds the total amount the neighborhood of each v € A can contribute
to v in a locally optimal solution, Proposition 22 and Lemma 23 give lower bounds on the
fraction of the invoked charges non-double and double vertices contribute in total.

» Definition 20 (contribution). Define a contribution map
contr : A* x A — Rx¢ by setting

max {o, w2(“)*w2(N()“’A>\{”})} , if v € N(u, A)

contr(u, v) := w( .

0 , else

» Proposition 21. For each v € A, we have ), 4. contr(u,v) < w(v).

» Proposition 22. For each u € A*, we have

Z contr(u,v) > contr(u, n(u)) > 2 - charge(u, n(u)).
vEA

» Lemma 23. For each double vertex u, we have Y, , contr(u,v) > 12 . charge(u, n(u)).

» Definition 24 (C and D). Let C denote the set of allv € A for which

(i) > uer, charge(u,v) > L=< w(v) and

(ii) all vertices in T, are double.
Let further D :=J,cc To-

Note that all vertices in D are double by definition. The following proposition tells us that
the total charges invoked by vertices in D constitute a considerable fraction of the weight of

C.

1—

5 - w(C).

» Proposition 25. " _, charge(u,n(u)) >

As we have seen that double vertices contribute a factor of at least % times the charges
they send, we can finally conclude that we obtain an improved approximation factor unless
the weight of C' is extremely small compared to w(A), which is the statement of the next

lemma.

> Lemma 26. If w(C) > % - ¢5 - w(A), then w(A*) < 452 - w(A).

By the previous lemma, we know that we can assume w(C) < 23 - €§ - w(A) in the following.

As outlined before, we continue by proving that we get the desired approximation guarantee
if the set of vertices for which the analysis of SquareImp is not almost tight constitutes at
least a § fraction of the weight of A. Let therefore

B = {v €A: Z charge(u,v) > 1;6 w(v)}

ueT,
denote the set of vertices for which the analysis of Squarelmp is close to being tight.

» Lemma 27. If w(B) < (1—6) - w(A), then 552 - w(A) > w(A*).

11
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5 . . . . d—es
If we have w(B) < (1 — ) - w(A), we achieve the claimed approximation factor of 5%,

so assume w(B) > (1 — ) - w(A) in the following. Let further B := B\C. Then we have
w(B) = w(B) —w(C) > (1 -6 — 23 - ¢5) - w(A). By Lemma 18, each vertex v € B has a
unique neighbor in T, which is single. Call this neighbor ¢(v) and let B* := {t(v),v € B}.
We proceed by proving two lemmata that will later help us to transform local improvements
in the instance arising by deleting the vertices in B, B* and P into local improvements in
the original one. Lemma 28 thereby tells us that for each v € B, the total weight of the
neighbors of ¢(v) in A other than v is extremely small, while Lemma 29 establishes a relation
between the squared weights of v and t(v).

» Lemma 28. For v € B, we have w(N(t(v), A)\{v}) < e w(v).
» Lemma 29. For v € B, we have w(v)? < w(t(v))? + (4y/€ + 4e) - w?(v).

Consider the sets A’ := A\B and A™* := A*\(B* U P) that arise from deleting all vertices
in B and B* U P. As outlined before, we would like to apply the analysis of Squarelmp
to bound the weight of A™* in terms of the weight of A’. However, in order to employ the
definition of charges, we have to make sure that A’ constitutes a maximal independent set in
G[A" U A’™*]. Showing this property is the purpose of the following lemma.

» Lemma 30. If there exists a vertex u € A™ such that N(u, A") = 0, then there exist a
local improvement of w?(A) in the original instance.

Due to the termination criterion of our algorithm, we know that there is no local improvement
in the original instance, so the previous lemma tells us that every vertex in A”* must possess a
neighbor in A’ (considering vertices as adjacent to themselves), showing that A’ is a maximal
independent set in G[A’ U A”*]. We can hence apply the same strategy as in the analysis of
SquareImp to bound the weight of A™* by the weight of A’, letting each vertex send charges
to its heaviest neighbor in A’, which must exist by the previous arguments. More precisely,
we apply the definition of charges, Definition 4, to the sub-instance induced by A’ U A™ in
which A™ is independent and A’ is a maximal independent set. Call the resulting charge
map charge’ and recall that it is constructed as follows:

For each u € A’™*, we pick a heaviest neighbor v € N(u, A’) and call it n/(u). Then, for
ue A™ and v € A, we define

w(N(u,A"))
2

w(u) — if v =n'(u) .

charge’ (u, v) := {

0 otherwise

For v € A’, let T), := {u € A’* : charge’(u,v) > 0} denote the set of vertices in A”* that now
send positive charges to v.
We show that we obtain the desired approximation ratio, provided
d+2
Z charge’ (u, v) < % ~w(v)
u€eT)

holds for all v € A’, and that we can find a local improvement of w?(A) in the original
instance if this is not the case, contradicting the fact that our algorithm did terminate.

» Lemma 31. If ZueT,g charge’(u,v) < 42 - w(v) holds for all v € A’, then we have
w(A*) < 952 w(A).

We are left with proving the following lemma:
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» Lemma 32. For allv € A’, we have

d+2

Z charge’(u,v) < 1

u€T)

w(v).

This concludes the proof that Algorithm 2 achieves approximation factor of at most

1
d—ed _ d — 31550806 _ ¢ 1

2 2 2 63700992

By scaling and truncating the weight function , we obtain a polynomial time g — m +é-
approximation algorithm for any € > 0, whereby the running time depends polynomially on
m, we get a polynomial time g—approximation algorithm.
However, given the fact that the running time of (at least a straightforward implementation
of) Algorithm 2 is in Q(|V|(@=1’+(@=1)  this result remains of only theoretical interest for

the time being.

%. In particular, setting €' :=

4 Further Remarks

The proven result indicates that an approximation ratio of % is not the end of the story of
local improvement algorithms for the Maximum Weight Independent Set Problem in d-claw
free graphs. This observation is inevitably followed by the question of how far one can still
get with this approach. Concerning algorithms that only consider local improvements of some
fixed constant size (possibly dependent on d), the result of Hurkens and Schrijver [9] implies
a lower bound of % for d > 4. This raises the question of whether and how the gap between
our result, providing an approximation guarantee of % — m + ¢ for any € > 0, and the
lower bound of % can be closed. Although the choice of our constants € and § still permits
some room for optimization, as the rather rough estimates in the proof of the properties
(1) to (11) indicate, the more critical ones among them still seem to be “tight enough® to
limit hope for an improvement in an entirely different order of magnitude. Therefore, we
also picked our constants in a way keeping the proof of (1)-(11) as short as possible. Some
further ideas might be required to get substantially closer to an approximation factor of %.
Whether or not the latter is possible could be regarded as a worthwhile subject for further
research.
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A Proofs of Lemmata from the Analysis of Squarelmp

Proof of Lemma 6. As A* is independent in G, each v € V satisfies |N(v,A*)| < d —1,
because either v € A* and N (v, A*) = {v}, or v ¢ A* and N (v, A*) constitutes the set of
talons of a claw centered at v, provided it is non-empty. |

Proof of Lemma 7. charge(u,v) > 0 implies v = n(u) € N(u, A) and therefore

W (N, A\oh) = > wP(a)

zEN (u,A)\{v}

> w) - dnax w(y)
zEN (u,A)\{v} ’
w(N (u, A)\{v}) - w(v)
= (w(N(u, A)) —w(v)) - w(v).

IA

From this, we get

2 - charge(u,v) - w(v) = (2 - w(u) — w(N(u, A))) - wv)
)

=2 -wu) w) —w(N(u,A)) - wv)
< w?(u) +w?(v) — w(N(u, A)) - w(v)
= w?(u) — (w(N (1, 4)) - w(v)) - w(v)
< w?(u) — w*(N(u, A)\{v})
as claimed. <

Proof of Lemma 8. Assume for a contradiction that

w(v)

Z charge(u,v) > 3

u€A*:charge(u,v)>0
for some v € A. Then v € A* since

{u € A" : charge(u,v) > 0} = {v} = N(v, A) = N(v, A™)
and

w(v)

Z charge(u,v) = charge(v,v) =
uw€ A*:charge(u,v)>0

otherwise. Hence, T := {u € A* : charge(u, v) > 0} forms set the of talons of a claw centered
at v. By Lemma 7, it satisfies

wi(T) =Y w(u) > Y w(N(u, A)\{v}) +w’(v) = w*(N(T, A)),

u€eT ueT

contradicting the fact that no claw improves w?(A). <
B Inequalities Satisfied by Our Choice of ¢ and ¢

6 — 94/c 49
4-2. 27V 9 /e> 1
4-10y/€ Wez g5 (1)

15
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(10):
2 10v2) 6 —9y/c 1o — o5 199-599 119,201
4 —104/€ 1000 4 40,000 40,000
. 119,200 _ 149
40,000 50
. : 1
(11): Follows directly from /€ < 1555- <

C Propositions and Proofs Omitted Due to Page Limit

The following proposition is helpful to bound the sizes of candidate local improvements we
consider during the analysis.

» Proposition 33. For any v € A, we have |[N(v,A*)| < d — 1 and for any u € A*,
N, A)| < d—1.

Proof. For v € A, if further v € A*, then N (v, A*) = {v}, because A* is independent, and
therefore |N (v, A*)| =1 <2 <d—1since d > 3. If N(v, A*) is empty, we are also done, so
assume v ¢ A* and N (v, A*) # . Then by independence of A*, N (v, A*) forms the set of
talons of a claw in G centered at v. Consequently, d-claw freeness of G implies the desired
size bound. The second statement can be obtained analogously. <

Proof of Lemma 14. As for any claw in G, its set of talons possesses a size that is not larger
than max{l,d — 1} =d—1 < (d—1)?>+ (d — 1) and is therefore considered as a possible
improvement during our algorithm, Theorem 9 implies that

N(u, A d
Z W + Z charge(u,n(u)) < 5 w(A).
u€A* u€ A*:charge(u,n(u))>0
By definition of charges, we have charge(u,n(u)) = w(u) — M, SO

1wy > Y HNAD S charge(un(u))

u€A* u€ A*:charge(u,n(u))>0
Ly A | gy 24D )
2 2
ucA*
= Z max {w(u)7 71”(]\](2“’ A)) }
ucA*
3
22§w(u)+ Z w(u)
ueP u€A*\P
P
=w(A") + M
2
Therefore, w(P) > 7 - w(A) implies w(A*) < d% -w(A) as claimed. <

Proof of Lemma 18. If > . charge(u,v) < L=¢.w(v), we are done, so assume the contrary,

ie.
1—c¢
2

z charge(u,v) >

u€eT,

~w(v). (12)
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We have |T,,| C N (v, A*) by definition, so |T;,| < d — 1 by Proposition 33. As Algorithm 2
has terminated, T}, does not yield a local improvement of w? and we know that

Y wiu) = w(T,) < w(N(T,, 4)) < w?(v) + ) w?(N(u, A)\{v}),

u€T, u€T,
and the outer inequality is equivalent to

> w(u) = w?(N(u, A\{}) < w?(v). (13)

ueT,
By Lemma 7, we know that if charge(u,v) > 0 (which is the case for all u € T,, by definition),
we have

w?(u) — w?(N(u, A)\{v}) > 2 - charge(u,v) - w(v). (14)
As w(v) > 0, for u € T, let €, > 0 such that

w?(u) — w?(N(u, A)\{v}) = 2 - charge(u,v) - w(v) + €, - w?(v). (15)

Then (12) and (13) imply

w(v) = Y w?(u) = w?(N(u, 4)\{v})

ueT,

= Z 2 - charge(u, v) - w(v) + €, - w(v)?
ueT,

1—c€
> Q.T.wQ(v)+ ;eu-w2(v)

=w?(v) - (1—€+ Z eu> )
ueT,

and w(v) > 0 yields

> ase (16)

ueT,
We now show that for each u € T),, one of the conditions listed in the lemma applies:
Pick u € T,. By definition of charges, we know that v = n(u) is a neighbor of v in A of
maximum weight, implying

(N, A\h) = Y Pla)

zEN (u,A)\{v}

< w(x) - max40, max w

S T sl o)

= (w(N(u,A)) — w)) - max{0, max w , 17
(N A) = w()) - max{0,  max ()} a7)

whereby max ) := —oo. By (15), we therefore obtain

2 - charge(u, v) - w(v) + €, - w?(v)

(2~ w(u) —w(N(u, A))) - w(v)

+ €y - w2 (V)

& w(u) +w(v) —w?(N(u, A\{v}) = (2-w(u) +w(v) - w(N(y,A))) - w(v)

+ €y - wz(v),

w?(u) — w?(N(u, A)\{v})
& w(u) —w*(N(u, A)\{v})
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which results in
(w(u) = w(v))? = w?(N(u, A\{v}) + (W(N(u, A)) = w(v)) - w(v) = €, - w?(v).
Applying (17) yields

(w(u) = w(v))?* + (w(N (u, A)) —w(v)) - (w(v) — max{0, wy)}) < eww?(v). (18)

max
YyEN (u,A)\{v}

As both summands in (18) are nonnegative since real squares are nonnegative, v € N (u, A)
is of maximum weight and w > 0, (18) in particular implies that both

(w(u) —w(v))? and (19)

> (w
= (w(N(u, A)) — w(v)) - (w(v) — max{0, w(y)}). (20)

€u - w(v)
€u - w(v) max
yeN (u,A)\{v}
From (19), we can infer that |w(u) — w(v)| < /€, - w(v), which in turn implies that
w(u) <w(v) + Jwu) —w)] < (14 e,) - w(v) as well as

w(v) < w(u) + w(v) —wu)] <w(u) + Ve - w(v),

which yields (1 — \/€,) - w(v) < w(u). As a consequence, by (16), we obtain

Zgie[l\/@,l+\feu§[lﬁ,l+\/€]. (21)
In addition to that, (20) tells us that at least one of the two inequalities
€y - w(v) > w(v) — max{0, max w or 22
Vew () 2 w(e) —max{d, _ max - w(y)} 22)
Vew - w(v) = w(N(u, A)) — w(v) (23)

must hold. If (22) applies, the fact that €, < e <1 by (5) and (16), together with w(v) > 0,
implies that N (u, A)\{v} # 0, so let va € N(u, A)\{v} be of maximum weight. Then

w(v) — w(ve) < /€, - w(v) and hence
(1= VE)  w(v) < (1 V) - w(v) < w(vs) < w(v) (24)
by maximality of w(v) in N(u, A). From this, we also get
(2= Ve) w(v) < wv) +wlvz) < w(N(u, A)) <2 w(u),

whereby the last inequality follows from the fact that u sends positive charges to v. Hence,
together with (21) and (24), all conditions for u being double are fulfilled. In case (23) holds
true, we get

w(N(u, A)) < (14 /&) - w(v) < (1+ve) - w(v),

leaving us with a vertex that is single by (21).
In order to finally see that there can be at most one vertex u € T, which is single, observe
that for a single vertex u, we have

charge(u,v) = w(u) — M > (1—+e) wv) — 1+T\/E ~w(v)
_LEBVE L

2
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Hence, the existence of at least two single vertices in T, and (6) would imply

Z charge(u,v) > (1 — 3v/e) - w(v) > 5

u€eT,

w(v)

and (14), combined with the fact that w(v) > 0, would yield

Z w?(u) — w?(N(u, A)\{v}) > Z 2 - charge(u, v) - w(v) > w?(v),

u€eT,

a contradiction to (13).

Proof of Lemma 19. We dist
Case 1: w(vy) > w(u). Then

0 < w(N(u, A)) —w(vi) =

and therefore

w?(u) — w? (N (u, A)\{v1})

u€eT,

inguish two cases:
we have

2 - (w(u) — charge(u, v1)) — w(vn)
w(u) — 2 - charge(u, v1) + w(u) — w(vy)
w(u) — 2 - charge(u, vy)

w? (u) = (w(N(u, A)) —w(v1))?
w?(u) — (w(

w?(u) — w?(
— 4 - charge(u, v1)?

u) — 2 - charge(u, v1))?
u) +4 - w(u) - charge(u, vy)

= 4 - charge(u, v1) - (w(u) — charge(u,v1)).

Given that for a double vertex, we have

chirge(u,v1) = w(u) — LA <y - 22VE )
= w(u) _(2_23ﬁ+6) gg\/gw(u)
since 1+1ﬁ =1- 1_‘{\[ > 1— /e, (25) implies

w?(u) — w?(N(u, A)\{v1})

Further knowing that w(u)

w?(u) = w?(N (u, A)\for}) > 4- (1 -3 ﬁ) (1= V&) - w(v) - charge(u, vy)

by (8) as claimed.

>4 (1 - g : ﬁ) -w(u) - charge(u, vy).

> (1 —+/€) - w(vy), we finally obtain

149
> 0 - charge(u, v1) - w(vy)

21



22

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

744

745

746

747
748

749

750

751

752

753

754

755
756

757

758

An Improved Approximation Algorithm for the MWIS in d-Claw Free Graphs

Case 2: w(v1) < w(u). In this case, we get

w?(u) — w?(N(u, A)\{v1}) = w?(u) —w?(v2) — w?(N(u, A)\{v1,v2})
= w(u) — (w(u) — (w(u) —w(v2)))*
= w? (N (u, A)\{vr,v2})
= w(u) —w’(u) + 2 w(u) - (w(u) - w(v))
= (w(u) — w(v2))® = w?(N(u, A)\{v1, v2})
= 2 w(w) - (w(u) — w(ve)) — (w(u) — w(ve))?
— w? (N (u, A)\{v1,v2}). (26)

By definition of double vertices and our case assumption, we have

1—
1+

B

w(w) > w(v) > w(vs) > (1 &) - w(vy) > cw(u) = (1-2v6) - w(u)

B

and therefore 0 < w(u) — w(va) < 2¢/€ - w(u) and

(w(w) — w(v2))? < 21/ - w(w) - (w(u) — w(v2)). (27)
In addition to that, we get
w(N (u, A)\{v1,v2}) = w(N(u, A)) — w(v) — w(vz)

< 2-w(u) —w(vy) — w(vs)
<2 (w(u) — w(vz)),

leading to
w?(N(u, A)\{v1,v2}) < (w(N(u, A)\{v1,v2}))?
<9. (w(u) _ w(vy) + w(vz)) 22 (wlu) — w(va))

2
<3 (w(u) _ W) e w(u)
— 8y/e - w(u) - (w(u) _ wlvy) ;“’(”2)) (28)
< 8Ve-w(u) - (w(u) —w(vz)) (29)

Combining (26) with w(v1) < w(u), (11), (27) and (29) results in

w?(u) = w?(N(u, A)\{v1}) > (2 = 10v/€) - w(u) - (w(u) — w(vs))
> (2-10Ve) - w(vr) - (w(u) — w(v)). (30)
As double vertices send positive charges, we further have
0 < charge(u,v1) = w(u) — M <w(u) — w
< w(u) — w(vy). (31)

Let therefore o« > 1 such that

w(u) — w(vs) = - (w(u) - W) : (32)
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Then
i)~ won) =2+ (i - XY ) — )
—(@2-a) <w(u) - W) . (33)

Consequently, (30), (31) and (32) yield
w?(u) = w? (N (u, A)\{v1}) > (2= 10v/e) - w(vy) - (w(u) — w(va))
> (2—10ve) - a-w(vy) - <w(u) — w(v1)+w(v2)>

2
> (2 —10v/€) - a - w(vy) - charge(u, v1).

If a > 46 190‘[\[ whereby numerator and denominator are positive by (11), then we get

(2 —10y/€) - o > 12 by (10) and are therefore done. We can hence assume o < 46 190§ in

the following. By smular calculations as before, we get
w?(u) — w?(N(u, A)\{v2}) = w?(u) — w?(v1) — w?(N(u, A)\{v1, v2})
= w?(u) — (w(u) — (w(u) - w(vy)))?
— w?(N(u, A)\{v1,v2})
= w’(u) — w?(u) + 2 w(u) - (w(u) — w(vy))
— (w(u) — w(v1))? = w* (N (u, A)\{v1, v2})
=2 w(u) - (w(u) = w(vi)) - (w(u) - w(vr))?
— w?(N (u, A)\{v1, v2}). (34)
By definition of double vertices and our case assumption, we have
(1—+/e) - w(u) < (1— 1f\[) w(u) = 1w+(1i)ﬁ <w(v) < w(u),
) —w(vy) < Ve w(u), as well as w(ve) < w(vy) < w(u), leading to
w(u) — w We therefore get

(u0) = w(en))? < Ve w) - (w(w) - 2T (35)
Together with (28), (33) and (35), (34) leads to

w?(u) = w?(N(u, A)\{v2}) = 2~ w(u) - (w(u) — w(vr)) = (w(u) - w(v1))?
- wZ(N(u7A)\{U17U2})

>2-w(u) - (2-a)- (w(u)—W)

_ e w(w) - (w(u) _ W)

— 8V w(u) - (w(u) - W)
> (4— 20— 9ve) - wlw) - (w(u) _ w(vﬁw(“ﬂ)

2
> (4 — 2a — 9V/e) - w(vy) - charge(u, v1)

50 w(vz) - charge(u, v1),

implying 0 < w(u
0 < w(u) —w(vy)

vV
N
[en) BN}
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6—9+/¢
1-10+/€
This finishes the proof of the lemma. |

whereby the last two inequalities follow from (1), (31), a < and our case assumption.

Proof of Proposition 21. If v € A*, this is true, because we get N (v, A*) = N(v, A) = {v}
and contr(v,v) = w(v) in this case.

If v ¢ A*, the set T of vertices sending positive contributions to v constitutes the set of
talons of a claw centered at v and ), ., contr(u,v) > w(v) would imply that 7" constitutes
a local improvement of w?. <

Proof of Proposition 22. The first inequality follows by nonnegativity of the contribution,
which also implies the second inequality in case charge(u,n(u)) < 0. If charge(u, n(u)) > 0,
Lemma 7 provides the desired statement. |

Proof of Lemma 23. By Lemma 7, we know that contr(u,n(u)) > 2 - charge(u, n(u)) since
by definition of a double vertex, u € T;,(,) sends positive charges to n(u). By Lemma 19, we
further know that for v;1 = n(u) and v9 an element of N(u, A)\{v1} of maximum weight, we
have

: 149
(i) contr(u,v1) > %5

o - charge(u, v1) and contr(u,vs) > 0 or

ii) contr(u,v1) > 2 - charge(u, v1) and contr(u,vs) > s - charge(u, vy
(if) contr(u,v1) > 2 charge(u,v1) and contr(u,v2) > 55 - charge(u, v1),
implying contr(u,v1) + contr(u, v2) > 42 - charge(u, v1) = £ - charge(u, n(u)) in either case.

Consequently, nonnegativity of the contribution yields

149
Z contr(u,v) > contr(u, vy) + contr(u, vg) > = - charge(u, n(u))
vEN (u,A)
as claimed. <

Proof of Proposition 25. As for u € T, we have v = n(u) and T, and T,/ are in particular
disjoint for v #£ v', we get

Zcharge u, n(u Z Z charge(u,v) > 1;6 ~w(C)

ueD veC ueT,

by definition of C' and D. <

Proof of Lemma 26. By Proposition 21, Proposition 22, Lemma 23 and Proposition 25, we
get

Z Z contr u v Z Zcontr u, v

vEAuUEA* uEA* vEA

= Z Z contr(u, v) + Z Z contr(u,v)

ueD veEA u€A*\D vEA

> Z % - charge(u, n(u)) + Z 2 charge(u, n(u))

u€D u€A*\D

= Z 2 - charge(u, n(u)) + ;L% : Z charge(u, n(u))

ue A ueD
49 (1 —¢)
100

Z 2 - charge(u, n(u)) + 12

ucA* 25

> Z 2 - charge(u, n(u)) +
ucA*

w(C)

v

~w(C)
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by (9), 50 3 ,ca- charge(u,n(u)) < YA — 8 4y(C), and w(C) > 25 - ed - w(A) yields
> uea- charge(u,n(u)) < 1= . w(A). Applying Corollary 5 and Lemma 6 provides the
desired bound
d-1
w(A*) < —— w(A)+ Y charge(u,n(u)) <
2 ucA*

d—e€d
2

w(A).

<

Proof of Lemma 27. By (13) and (14) from the proof of Lemma 18, we know that for
v € B, we have > uer, charge(u, v) < w2v). Corollary 5 and Lemma 6 from the analysis of

Squarelmp, combined with w(B) < (1 —6) - w(A) and hence w(A) —w(B) > § - w(A) as well
as the definition of T, for v € A lead to

d—1
w(A*) < —— -w(A) + Z charge(u, n(u))
u€A*:charge(u,n(u))>0

=5 ~w(A) + Z Z charge(u, v)

vEAUET,

e My

vEB vEA\B

IN

proving the assertion. <
» Proposition 34. B — B* v +— t(v) is a bijection with inverse map n | B*.

Proof. Surjectivity follows from the definition of B*, injectivity from the facts that each
u € A* may send positive charges to at most one v € A and that we have t(v) € T,, for all
v € B by definition. As for u € B*, n(u) is the unique vertex in A that u can send positive
charges to, we must have u = t(n(u)), which implies the second part of the assertion. |

Proof of Lemma 28. Let v € B and u := t(v). By the definition of u = ¢(v), we have
v € N(u, A), v =n(u) and u is single. This yields
w(N (u, A)\{v}) = w(N(u, 4)) —w(v) < 1+ Ve) - w(v) —w(v) = Ve w(v).
<

Proof of Lemma 29. If w(v) < w(t(v)) this is clear since all weights are positive and € > 0
by (5). Therefore, assume that w(t(v)) < w(v). By the definition of single vertices, we obtain

! Ve
1— e 1 e

since 0 < € < & by (5). Consequently, our assumption w(t(v)) < w(v) and the fact that all
weights are positive yield

W) < (L+ 276 - w(t(w)) = (1 + 4Ve + de) - w*(t())
< W (H(0) + (4V + de) - w(v)

w(v) <

wfe(e) = (14 Y ) wle(w) < (14200 w(t(0)

as claimed. <

25
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o ] N(T U {u}, A)

[

T

Figure 3 The situation in Lemma 30. Dashed lines indicate edges from vertices in B* to vertices
in A of significantly lower weight, thick vertical lines mark the edges connecting v € B to t(v) € B*.

Proof of Lemma 30. Let v € A™ with N(u, A’) = 0 and define T := {¢t(v),v € N(u, B)}.
We show that T'U {u} yields a local improvement of w?(A). First, as B C A, Proposition 33
and Proposition 34 tell us that |T| = |N(u,B)| < d — 1, so T U {u} contains at most
d < (d—1)?+d—1 vertices since d > 3. The neighbors of U {u} in A can be split into the
neighbors N (u, B) of u in B and the neighbors of T' in A that are not contained in N (u, B),
because N(u, A\B) = N(u, A’) = 0 by choice of u (see Figure 3). Hence, we get

w?(N(T U {u}, A)) < w*(N(u, B)) + w?(N(T, A)\N (u, B)). (36)
By Lemma 29 and Proposition 34, we know that
w(N(u,B)= Y w()< Y wtv)+[@ve+4de) w(v)

vEN (u,B) vEN (u,B)
=w?(T) + (4y/e + 4¢) - w* (N (u, B)). (37)

Next, Lemma 28 and Proposition 34 tell us that

w?(N(T, A\N(u, B)) < Y w?(N(t, A)\N(u, B))
teT

= WANVE), AN, B)

vEN (u,B)

Y WAN(t(v), H\{v})

vEN (u,B)
Z - w(v)
vEN (u,B)
=e-w?(N(u, B)). (38)

IN

IN

Combining (36), (37) and (38), we obtain
w(N(T U {u}, 4)) < (4Ve + 5¢) - w?(N (u, B)) +w?(T).
As u e A = A*\(B* U P) and by definition of P, we know that

w(N(u, B)) < w(N(u,A)) <3-w(u),
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885 (4v/€ + 5¢) - w*(N(u, B)) <9 - (4/e + 5e) - w?(u) < w?(u)
sss by (2) and since w(u) > 0. Consequently,
s87 w?(N(T U {u}, A)) < w?(u) + w*(T) = w*(T U {u})

ss since u € A = A*\(B*U P) and T C B* and we have found a local improvement as
eo  claimed. <

w0 Proof of Lemma 31. Observing that G[A’ U A" is d-claw free as an induced subgraph of
g1 G, Corollary 5 and Lemma 6 tell us that

N(u, A’
802 w(A™) < Z W + Z charge’ (u, n’(u))
u€A’* u€A’*:charge’ (u,n’(u))>0
d—1
803 < 5 ~w(A") + Z Z charge’(u,v)
veEA’ ueT)
d—1 d+2
< oA+ S )
2 4
veEA’
d—1 d+2
895 =5 w(A") + a2, w(A")
3d
A/
o s

ss  Moreover, by Lemma 18 and by definition of ¢(v) for v € B, we have

899 w(B*) =w({t(v) : v € B}) < (1++e) w(B).

w0 By assumption, we further know that w(P) < ed-w(A) as well as w(B) > (1—5—22-¢5)-w(A)
w1 and w(A’) = w(A) — w(B). Putting everything together, we obtain

902 w(A*) = w(B*) + w(A’*) + w(P)

< (14 o) w(B) + 2 (w(4) — w(B)) + b - w(A)

— (5 +a)w - (F-a+va)-u) 10
<(Fra)uw-(F-arva) (1-0-3-a) u)

_ ((1+ﬁ)- (1—5—?2@) + 3 <5+5 65> +e(s> w(d) @)

o < 952 w4

o0 which concludes the proof. <

a0 Proof of Lemma 32. Assume that the assertion does not hold and pick vy € A’ such that

d+2
out Z charge’(u,vg) > % - w(vg).
ueTy,
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a2 Let R := {t(v) : v € N(T},, B)}. We show that T}, U R yields a local improvement of w?(A),

a3 contradicting the termination criterion of our algorithm.

as  As T, C N(vg, A*), Proposition 33 implies that |T} | < d — 1. Given that for u € T C A%,
as  N(u,B) C N(u,A) can contain at most d — 1 elements by Proposition 33, Proposition 34
a6 implies that |R| = |[N(T} ,B)| < (d — 1)?. Hence, the total size of our improvement is at
a7 most (d —1)% + (d —1).

s As charge’(u,vg) > 0 for all u € T}, , Lemma 7 shows that

o0 w?(u) — w?(N(u, A)\{vo}) > 2 - charge’ (u, vo) - w(vo)

oo for all u € Téo'
o Additionally, for v € T, with w(u) > 4 - w(vo), we get

022 2 w(u) — w(N(u, A")) = 2 - charge’ (u, vo)

o3 and therefore

o2 w(N(u, A)) =2 - w(u) — 2 - charge’ (u, v).

o5 As vg is the heaviest neighbor of u in A’ by definition of charges, we further obtain

o (N AN\ uo)) < w? (N A) < Y w(v) - w(v)

vEN (u,A’)
07 = w(N(u,A")) - w(vg) = (2 - w(u) — 2 - charge’ (u, vo)) - w(vy)
2
028 <2-w(u)- # — 2 charge’ (u, vo) - w(vg) = w(;) — 2 charge’ (u,vg) - w(vo).
929

o0 As a consequence,

w(w)
2

— w?(N(u, A"\{vo})) > 2 - charge’ (u, vo) - w(vo).

931

o Let S) ={ueT, :w(u)>4 -w(v)} Then

d+2
033 Z charge’ (u,vg) > % - w(vg),

ueTy,
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together with the previous considerations and w(vg) > 0, implies that

S w?w) — (N, A\ o))

ueTy,
_ 'LUQ(U) P/ N A/ 2 a2 N Al
=y 5~ w (N (u, A)\{vo}) + Y wiu) = w (N (u, A)\{vo})
ues!, weT] \S},
v 3
u€eSy,
> Z 2 - charge’ (u, vg) - w(vg) + Z 2 - charge’ (u, vo) - w(vp)
uEShy u€T} \Sy,
w?(u)
+ )
uesS!
vo
2
= Z 2 - charge’ (u, vo) - w(vo) + Z w(u)
ueT), u€S),
d w?(u
>(1+2>.w2(v0)+2 2()
UGS{,O
This implies
2 2 2 ’ wi(u) d o,
> ww) > w(vg) + > w(N(u, AN\ {vo}) + D >+ 5 w?(v)
uweT}, ueT), ueSy,
and hence
2 2N(T A wi(u) d o,
w(vo)>w( (v[)? ))+Z 9 +§w(1}0)
ueSy,
2 2
ues), weT) \SY,
2
> 2 N T/ A/ w (U)
> VL, A0 + 3
i
1
= W (N(T},, A) + 35 - w(T),) (39)

since [T} | < d —1 and w(u) < 4-w(vo) for u € T, \S, . We know that we can split the
neighbors of T, U R in A into the neighbors N (T, , A’) of T}, in A’, the neighbors N(T} , B)
of T in B and the neighbors of R that we did not consider yet, i.e. N(R, A)\N(T; ,A)
(see Figure 4). For u € R and v := n(u) € N(T, ,B) € N(T; ,A), we have u = t(v) by

Proposition 34 and w(N (u, A)\{v}) < /e - w(v) by Lemma 28. This shows that
WA(N(R, A\N(T,, 4)) < ¢ w(N(T,, B)).

As Ty C A™ = A*\(B* U P), we have
w?(N(u, B)) < w?(N(u, A)) < 9-w?(u)

for all u € T}, showing that

w?(N(T},

Vg

B) < w(N(T), A) < 3 w?(N(u,A) <9 3 wlu) =9-w*(T},)

ueT), ueTy,
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N(T},, A') N(T},. B)

A Yo (B
A 9 .\ N(T} UR,A)
A* ® 6 o o

Al* T, B* R P

Vo

Figure 4 The situation in Lemma 32. Dashed lines indicate edges from vertices in B* to vertices
in A of significantly lower weight, thick vertical lines mark the edges connecting v € B to t(v) € B*.

and hence

w?(N(R,A)\N(T},,A)) < e-w*(N(T,

vo?

B)) < 9¢- w(T7,). (40)
Finally, Lemma 29 and Proposition 34 yield

w?(N(T,

Vg’

B)) < w?(R) + (4 + 40) - w (N (T}, . B))
w?(R) + (4v/e +4e) - 9 - w*(T},)

*(R) + (361/€ + 36¢) - w* (T, ). (41)

IN A

Combining (39), (40) and (41), we get

w*(N(T,, UR,A)) = w*(N(T},,A")) +w*(N(T},,,B))

vo? vo?

+w? (N (R, A)\N(T},, A))

1
< w¥(T},) = o - w(Ty,) + w(R)

32
+ (361/€ + 45¢) - w*(T),)
< w(T))+w?(R) — (;2 — (36v/e + 45e)> w*(T),)

< w¥(T},) + w(R)
= w’(T,,UR)
by (4) and since T;, € A™ and R C B* are disjoint. So we indeed get a local improvement

of w?(A), a contradiction.
<
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