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1. Consider the following linear program:

max 23r1 + 2.15x9 — 13.55x3 — 0.4zy

s.d. 04x; + 0229 — 1423 — 0224 + x5 =0
—7.8[E1 — 14(E2 + 78$3 -+ 04$4 + x5 = 0
Ty Ty T3 7 , rs o, xg = 0

Use {5,6} as an initial basis for the SIMPLEX ALGORITHM. As pivot rules, choose the new basis
index « such that r, maximized. Let the index S that leaves the basis be chosen such that it
minimizes (among all candidates) the value gg,. Show that the SIMPLEX ALGORITHM does not
terminate under these considitions. (5 points)

2. Consider a linear program in appropriate form for the SIMPLEX ALGORITHM, i.e. max{c'z | Az =
b,z > 0} such that A € R™*" rank(A) = m and Az = b is feasible. Prove or disprove the following
statements:

(a) A variable that has just entered the basis can leave the basis in the next iteration.
(b) A variable that has just left the basis can enter the basis in the next iteration.

(c) If x is unique optimum basic solution and Z a second best basic solution with strictly smaller
solution value then x can be computed from Z by exchanging one basic variable.

(d) If no basic solution is degenerated and the LP is feasible and bounded then there is a unique
optimum solution. (1414141 points)

3. Consider a linear program max{c'z | Az = b,z > 0}. Let B be a feasible basis with basic solution
z* and reduced cost vector r < 0 (so z* is an optimum solution). Let [ = {j € N | r; = 0}.

(a) Prove that z* is the unique optimum solution if I = ().

(b) Assume that I # (). Prove that in this case x* is the unique optimum solution if and only if
the following linear program has the optimum solution value 0:

max E Z;

i€l
s.t. Az =
r; = 0 forie N\I
z; > 0 forie BUI

(2+3 points)
p.t.o.



4. Consider a linear program max{c'z | Ar = b,z > 0} such that A € R™ " rank(A) = m and
Ax = b is feasible. Let B be a dual feasible basis, i.e. a basis such that § = (A%) !cp is a feasible
solution of the dual LP.

(a) Show that the entry zy of the simplex tableau T'(B) is the cost of the dual solution.

(b) Let 8 € B with pg < 0 and @ € N with ¢g, > 0 such that ;7“ > % for all j € N with

qs; > 0. Prove that (B \ {8}) U{a} is a dual feasible basis. Moreover, show that the value of

the dual solution is changed by ;%Bra. (244 points)

Due date: Thursday, May 19, 2022, before the lecture in the lecture hall.



