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Exercise Set 4

Exercise 4.1:
Describe an algorithm which decides if an undirected graph G = (V,E) is 4-colorable
in time O(|E| · 2|V |).

(4 points)

Exercise 4.2:
The LP relaxation of the Minimum Weight Vertex Cover Problem is

min{cx : MTx ≥ 1, x ≥ 0} ,

where M ∈ {0, 1}n×m is the incidence matrix of an undirected graph G and c ∈ Rn
+.

A half-integral solution for this relaxation is one with entries 0, 1
2
and 1 only.

(i) Show that the above LP relaxation has a half-integral optimum solution.

(ii) Given a graph G = (V,E) with weights c ∈ Rn
+ and a coloring ϕ : V →

{1, . . . , k}. Show how the LP relaxation can be used to find a vertex cover
X ⊆ V with cost c(X) ≤

(
2− 2

k

)
· OPT. Here, OPT denotes the cost of an

optimum solution.

(3+3 points)

Exercise 4.3:

Let G be a k-colorable graph with n vertices, where k is a constant. We define
xk := n1− 1

k−1 and for 2 ≤ l < k, xl := xl+1
1− 1

l−1 . For simplicity, we assume that n is
chosen such that xl is a natural number for l ∈ {2, . . . , k}.

Prove that there exists a polynomial time algorithm that colors G with kxk colors.
(6 points)

Deadline: Thursday, May 18th, before the lecture.


