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A brief intro to the
Traveling Salesman Problem




Uhe (Metric) Traveling Salesman Problem (TSP)

‘ What'’s the quickest way to visit n sites? ]
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asymmetric: og___o [«——

2

TSP:

@ommon variations of TSP

distances
between sites

3
——— | symmetric: &

3

» Complete graph G = (V, E).
> Metric length £: E — Rx,.

startpoint s
and endpoint t

s#t
— | Path TSP:
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» All variants are well-known to be APX-hard.

BRUTE -FORCE
SOLUTION:

o(nY)

DYNAMIC
PROGRAMMING
AGORITHMS:

0 (22"

SELUNG ON EBAY:
o(1)

STILL WORKING
ON YOUR ROUTE?
N

™~
SHUT THE
HEW LR

» Major open problem what efficient computation can achieve.

TSP

Path TSP

1.5 [Christofides, 1978]

1.667 [Hoogeveen, 1991]

1.618 [An, Kleinberg, Shmoys, 2012]

1.6 [Sebd, 2013]

1.599 [Vygen, 2016]

1.566 [Gotischalk, Vygen, 2016]
1.529 [Sebs, van Zuylen, 2016]
1.5 4 £ [Traub, Vygen, 2018a]

QVhat’s known?

(xked.com / CC BY-NC 2.5)

Exciting progress for graph metrics:
[Oveis Gharan, Saberi, Singh, 2011]
[Mucha, 2014]

[Sebd, Vygen, 2014]

[M&mke, Svensson, 2016]

[Traub, Vygen, 2018b]

[---]
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@ur contribution

There is a 1.5-approximation for Path TSP. ]

» We move away from prior approaches, which focussed on so-called narrow cuts.

» Technical ingredients: Obtain a strong Held-Karp solution z using

» Karger’s bound on the number of near-min cuts, and
» Dynamic programming “a la Traub & Vygen”.

Run a Christofides-type algorithm with a spanning tree obtained from z.
» Analysis follows Wolsey’s approach.

» Natural barrier 1.5: Any progress improves upon Christofides’ 1.5-approximation for TSP.
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Following in Christofides’
footsteps

Why it works for TSP but fails for Path TSP. ..
(Spoiler: ...and can be fixed.)




u'he general idea

» Find connected Eulerian graph with good total length, exploit metric lengths to shortcut.

8/28



u'he general idea

» Find connected Eulerian graph with good total length, exploit metric lengths to shortcut.

Start building a
solution from a
spanning tree

8/28



u'he general idea

» Find connected Eulerian graph with good total length, exploit metric lengths to shortcut.

Start building a
solution from a

spanning tree Add edges

to correct
degree parities

8/28



u'he general idea

» Find connected Eulerian graph with good total length, exploit metric lengths to shortcut.

Start building a
solution from a

spanning tree Add edges

to correct
degree parities

obtain Hamil-

tonian graph
K
é-*ﬁg\____,!’@-

8/28



u'he general idea

» Find connected Eulerian graph with good total length, exploit metric lengths to shortcut.

Start building a
solution from a

spanning tree Add edges

to correct
degree parities

obtain Hamil-
tonian graph
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LChristofides’ 1.5-approximation for TSP

. Find a shortest spanning tree T.
= {(T) < ¢(OPT) .
. Find a shortest odd( T)-join J.

— (J) < % . ((OPT) .

. Find Eulerian tour in multiunion of 7 and J.
. Return shortcutted Hamiltonian tour H.

— U(H) < UT)+ ) < g - ((OPT) .
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LChristofides’ 1.5-approximation for TSP

. Find a shortest odd( T)-join J. /

i3
:>£()<1§~£(OPT). i
. Find Eulerian tour in multiunion of T and J. \>‘\ 5] i
. Return shortcutted Hamiltonian tour H. /\v/
— (M) SUT)+UJ) < 5 -UOPT) .

4

. Find a shortest spanning tree T.
= {(T) < ¢(OPT) .
A
\/b

odd(T) == {v € V| deg(v) odd}
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LChristofides’ 1.5-approximation for TSP

. Find a shortest spanning tree T.
= {(T) < ¢(OPT) .
. Find a shortest odd( T)-join J.

— U(J)< 5 HOPT) .

. Find Eulerian tour in multiunion of 7 and J.
. Return shortcutted Hamiltonian tour H.

— U(H) < UT)+ £ )<§~£(OPT) .
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QIeId—Karp relaxation for TSP

» Held-Karp polytope

Puk = {X S Rgo

x(6(v))=2 VveVv
x(6(C)) =2 vCCV,C#D| °

x(6(v))=2
» Held-Karp relaxation v

min{¢"x | x € Pux} -

x(5(0)) > 2
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UVoIsey’s analysis

x(6(v)) =

. 2 VYvev
> Let x* T Pux ). Pk = RE
et x* € argmin{¢' x | x € Pux} i {x € RE, (6(C) 52 YCC V. G w}

If T is a shortest spanning tree, and J is a shortest odd( T)-join, then
(@ £(T)<LMx, and (b) ((J)<i-Tx.




> Let x* € argmin{¢"x | x € Pu}.

UVoIsey’s analysis

Yvev
YCCV,C#0D

x(6(v)) =2
x(6(C)) =2

}

(a UT)<

(a % - x* € Psr.

If T is a shortest spanning tree, and J is a shortest odd( T)-join, then

07 x* and (b) ((J)<i-Tx.

x(E) = V| — 1

Pst = {X € RS, x(E[S]) < |S] — 1

VS C v,s;év)}




UVoIsey’s analysis

> Let x* € argmin{{"x | x € Puk}- P = {X € RE,

x(o(v))=2 VveVv
x(6(C)) =2 VCCV,C#0D

If T is a shortest spanning tree, and J is a shortest odd( T)-join, then

(a) (T)<{Tx*, and  (b) £(J) <3 -0Tx*
net s - e | x(E) =1vi-1
(a) X € Psr. PST{XGLéo (E[S) <|S| -1 VSCV, S#V)}

(b) §-x* € Phn P = {x € Rgo(x(o‘(c)) >1 veCV,|cna odd}

forany Q C V, |Q| even.
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UVoIsey’s analysis

x(6(v)) =
x(8(¢)) =

> Let x* € argmin{{"x | x € Puk}- P = {X € RE,

2
2

Yvev
YCCV,C#0D

If T is a shortest spanning tree, and J is a shortest odd( T)-join, then
(@ £(T)<LMx, and (b) ((J)<i-Tx.

_ x(E) =|V] —1
(a) =1 - x* € Psr. Psr{xeb;f. (E)=1V]

(b) 1-x* P},

forany Q C V, |Q| even.

201 x(E[S]) <18 -1 VvSCV, s;éw}

Join Pl = {x € RE, ( x(8(C)) =1 veC v, |cna| odd}

» Shows 1.5-approximation and upper bound on integrality gap.
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LChristofides’ approach for Path TSP jreogeveen. 1991

> Shortest spanning tree T: ¢(T) < ¢(OPT). 0
» But: OPT does not contain two disjoint Qr-joins. °

» Still, shortest Qr-join J satisfies

s ° o o o
0J) < 2 -£(OPT). [Hoogeveen, 1991]
Proof: Together, OPT and T contain three Qr-joins. o o
o o
s
» This algorithm is only g-approximate on some instances. t
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LChristofides’ approach for Path TSP jreogeveen. 1991

» Still, shortest Qr-join J satisfies 2
0(J) < 2-((OPT). [Hoogeveen, 1991] \

Proof: Together, OPT and T contain three Qr-joins.

<)
S

> Shortest spanning tree T: ¢(T) < ¢(OPT).
el
» But: OPT does not contain two disjoint Qr-joins. A Q<\
/ n>
i 3
/ °/

» This algorithm is only %-approximate on some instances.
%

QT = Odd(T) A {S, t}
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LChristofides’ approach for Path TSP jreogeveen. 1991

» Still, shortest Qr-join J satisfies 2

> Shortest spanning tree T: ¢(T) < ¢(OPT).
el
» But: OPT does not contain two disjoint Qr-joins. A Q<\
/ n>
i 3

0J) < % -£(OPT). [Hoogeveen, 1991] \
Proof: Together, OPT and T contain three Qr-joins. .
. . . 5 . . S 0/
» This algorithm is only Z-approximate on some instances. t
¥

Goal: Find tree T with £(T) < ¢(OPT) and s.t. shortest Qr-join J satisfies ¢(J) < 5 - £(OPT).

1
2
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UVhere Wolsey’s analysis fails

» Held-Karp polytope for Path TSP:

x(6(v))=1 vest}
_ e | x(0(v))=2 veV\{st}
P =1 ¥ € B2 X(8(C)) =1 YCCV, |cn{s t} =1
x(6(C)) =2 VCCV,C#0,|CNn{st}=0
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» Held-Karp polytope for Path TSP:

Pux =

xeRgo

<

o O

~— — ~— —

~— — ~— —

AR\

I\)—‘N—‘

UVhere Wolsey’s analysis fails

----- (e) ="
vel{stt Y x"(e) =2/s
veE V\{S,t} X*(e)—1
VCCV, |CN{st} =1
YCCV,C#D, |CN{st} =0 ]

/,, ‘\ ‘
/’ ) \
. . \\
,/ \\
. . \

\-. - mm T
g \ Vb ‘\
. ’I
L S
'_ 1
. 1
.II
ol —4_7-‘____ot
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UVhere Wolsey’s analysis fails

» Held-Karp polytope for Path TSP X (6) = 1/s
x(o(v)=1 ve{sty Yy  ____ x*(e) =2/
=2 v
P L e e, | MO0 ve v\ {st (e = 1
x(6(C) =1 veCV, |cn{st} =1
x(6(C)) 22 vCCV,C#0, |Cnist}|=0 M

> Problem: X? for x* € argmin{¢T x | x € Py} infeasible for P,

7-join* ,

veCv, }

T _ E
P5 o = {X eR3 |CN O odd

x(6(C)) =1
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UVhere Wolsey’s analysis fails

» Held-Karp polytope for Path TSP:

x(6(v)) =1 vest}

P e dx e e, | KO =2 VeV (st
x(6(C)) =1 vCcCV,|Cn{st}=1
x(6(C)) =2 VCCV,C#0,|CNn{st}=0

» Problem: X? for x* € argmin{¢T x | x € Py} infeasible for P, Join"

T _ E vC g V,
Py jon = {xeR>0 x(6(C)) =1 CA O] odd .
» Infeasibility caused by narrow cuts: qf,.
— cuts C with x*(4(C)) < 2. \?-'.:,,,
— s-t-cuts, form a chain. L

only if |T N §(C)| even. L

oin

— appear in P! |




» Held-Karp polytope for Path TSP:

» Problem: X? for x* € argmin{¢T x | x € Py} infeasible for P,
Pgﬁ-join = {X S Rgo

» Infeasibility caused by narrow cuts:

x(6(C)) =1

— cuts C with x*(6(C)) < 2.
— s-t-cuts, form a chain.

— appear in PTT_].

oin

only if |T N §(C)| even.

UVhere Wolsey’s analysis fails

----- X ()=
ve{sty N  ____ x*(e) =2/
veVv\{st} x*(e) =

VCCV, |CN{st} =1
VCCV,C#0, |[Cn{st}|=0

Qr-join* .

veCv,
|C N Qr| odd




1.5-approximation:
The high-level plan




Q\ new ingredient: Finding B(x*)-good points

> Let x* € argmin{{(x) | x € Pux}.

> Let
B(xy={CCV|seC, tgC, x*(§(C)) <3} .

By Karger's result, | B(x*)| is polynomially bounded. [Karger 1993]

> We will find a shortest point y € Py that is B(x*)-good:

For each B € B(x*), either
> y(6(B)) =3, or
> y(6(B)) =1and yis0/10ond(B).
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Q new ingredient: Finding B(x*)-good points

B(x*)-good
y € Puk is B(x*)-good: For all B € B(x*), » y(6(B)) = 3,0r » y(6(B)) =1andyis0/10ond(B). ]

A X*(e) = 1/3
A T — x*(e) = 23
A x*(e) = 1
rd . \
/, ) \
4 . \
7’ . \
/, - \
4 . \
,/ . \
. \
B . \
\,. el N
A V|
. ,I
L s
N 1
T
i
i
K ﬂ-‘--__ot
x* € Pk B(x*)-good point y
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BN
. . Q ||
C
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il
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B(x*)-good
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Q new ingredient: Finding B(x*)-good points

B(x*)-good
y € Puk is B(x*)-good: For all B € B(x*), » y(6(B)) = 3,0r » y(6(B)) =1andyis0/10ond(B). ]

2.33 1.66 1.66

----- (o) =

Let B C 2" be family of s-t cuts. A
shortest B-good point y € Pk can
be found in time O(poly(| V|, |B])).

B(x*)-good point y
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u:rom short B(x*)-good points to 1.5-approx.

—_

. Let x* € argmin{{(x) | x € Pu}.
Let y be a shortest 5(x*)-good point.
Let T be a shortest spanning tree in (V, supp(y)).

Let J be a shortest Qr-join.

o » 0D

Return shortcutted tour in multiunion of 7 and

LX) =)
s X(e) =%

— x"(e) =1
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5. Return shortcutted tour in multiunion of 7 and
Q
0.
S
S - x(e)="/s
s I
go— & - x*(e) =25
. — x"(e) =1

B(x*)-good y € Pux
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Ehe spanning tree T is cheap: ¢(T) < ¢(OPT)

—_

Let x* € argmin{{(x) | x € Pux}.
Let y be a shortest B(x™)-good point.
. Let T be an MST in (V, supp(y)).

. Let J be a shortest Qr-join.

o A W N

. Return shortcutted tour in multiunion of 7 and J.

\ J
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u'he spanning tree T is cheap: ¢(T) < ¢(OPT)

» We have y € Pyk C Psr.
— (7)< Ty .

—_

Let x* € argmin{{(x) | x € Pux}.
Let y be a shortest B(x™)-good point.
Let 7 be an MST in (V, supp(y)).

Let J be a shortest Qr-join.

» OPT is B-good for any family BB of s-t cuts.
— (Ty <((OPT) .

o & © D

Return shortcutted tour in multiunion of 7 and J.
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Uhe spanning tree T is cheap: ¢(T) < ¢(OPT)

» We havey € Puk C Psr.
= UT)< Ty .

—_

Let x* € argmin{{(x) | x € Pux}.
Let y be a shortest B(x™)-good point.
Let T be an MST in (V, supp(y)).

. Let J be a shortest Qr-join.

» OPT is B-good for any family BB of s-t cuts.
— (Ty <((OPT) .

SIF SN

. Return shortcutted tour in multiunion of 7 and J.
» Together, we conclude ~ /

UT)< LTy <OPT) .
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. : : 1
LThe Qr-join J is cheap: /(J) < 5 ¢(OPT)
» We show %x* + %y € PgT_join. 1. Let x* € argmin{4(x) | x € Pux}.
1 1 2. Let y be a shortest B(x*)-good point.
— U(J) <~ (Tx" +LTy) < ~0(OPT) . Y FEl i
4 2 3. Let T be an MST in (V, supp(y)).
» Distinguish cases: 4. Let J be a shortest Qr-join.
ceeo 5. Return shortcutted tour in multiunion of 7 and

- YE
= {X 6l‘1>0

x(8(C)) =1 vCcCV,|cnar odd}

B(x*)-good point y
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3~ : . 1
LThe Qr-join J is cheap: /(J) < 5 ¢(OPT)
» We show %x* + %y € PgT_join. 1. Let x* € argmin{4(x) | x € Pux}.
1 1 2. Let y be a shortest B(x*)-good point.
— U(J) <~ (Tx" +LTy) < ~0(OPT) . Y A el
4 2 3. Let T be an MST in (V, supp(y)).
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u’he DP: Finding shortest 3-good points

B-good point y

For all B € B, either
Let B C 2V a family of s-t cuts. A shortest B-good point » y(5(B)) = 3,0r

y € Pk can be found in time O(poly(| V], |B])). » y(6(B)) =1and yis0/1 on §(B).
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@olving a single subproblem

> Restriction to Bj;4 \ B;, start at u;, end at v 4.
» Enforce y(§(B)) > 3 for B € Bwith B; C B C By 1.
» Corresponding LP formulation:
A(Bis1 \ Biy Ui, vigt) = min £y
¥ € Puk(Bit1 \ Bi, Ui, Vi)

y(6(B)) =38 VBeB:B CBC By .
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@etting up the DP

» Idea: Advance from one cut B with y(§(B)) = 1 to another.
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@etting up the DP

» Idea: Advance from one cut B with y(§(B)) = 1 to another.
» Formulation as a shortest path problem on auxiliary digraph:

Nodes: Pairs (B,v)forB€ Bandv € V. Edges: Two types of steps corresponding

to extension of a solution.

A(w,v)) A(B/\B. v, u)
@D @ QG

o O~ _
o \‘:‘,'~~
ueB u \@
veV\B v Ve
o
(o]
B B

» Optimal solution: Shortest ({s}, s)-(V\{t}, t) path in auxiliary digraph.
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» DP solution: Combination of edges in cuts B; and partial Held-Karp solutions.
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@onclusions

Theorem [Zenklusen, 2018]

There is a 1.5-approximation for Path TSP.

» Approximation factors below 1.5 for TSP (or even Path TSP)?

» Show that the integrality gap of Held-Karp relaxation for Path TSP is 1.5.
Current best: 1.5284. [Traub, Vygen, 2018¢]

» 1.5-approximation for T-tours?
True if |T| = O(1). [N., Zenklusen, 2019
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