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Prize-Collecting TSP

Input:
Complete G = (V,E), rootr € V.
Metric ¢: E — Rxo, penalties 7: V \ {r} — R.

Task:
Find cycle C = (Vc, E¢) in G covering r minimizing

Zce+ Z Ty .

ecEc vEV\ Vo
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Approximation algorithms

Threshold rounding: 2.5

Improved primal-dual: 1.98
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Approximation algorithms

Threshold rounding: 2.5

Improved primal-dual: 1.98

our contribution
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There is an efficient 1.774-approximation algorithm for PCTSP.
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An LP formulation

min Zcexe —|—Z7rv(1 - W)

eckE

vev

m Vv I WV /A
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An LP formulation

min ;cexe —|—v§€;7rv(1 -w) ® @ ® ®
x(6(v)) = 2y VveV\{r}
x(§(r) < 2

x(6(8)) = 2n VSCV\{rLveS ®
yr = 1
Xe = 0 Vee E @ @
v € [0,1] VveV ®

vertex connectivity O




An LP formulation

Z CoXe + Z (1 — W)

x(6(v))
x(6(r))
x(6(S))
Yr

Xe
cut constraints
W

vev

VoA

m WV
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2
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0
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vertex connectivity
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An LP formulation

degree constraints
CeXe + ) m(1 = y) ®
2 2 ® ® ©
x(0(v)) = 2y VveVv\{r}
x(6(r)) < 2
x(6(8)) = 2n VSCV\{rL,ves ®
o =1
Xe = 0 Vee E @ @
cut constraints v € [0,1] VeV @
vertex connectivity O




An LP formulation

A

©
degree constraints 8. '
< i
min ZCeXe +Z7Tv(1 _yv) y 5 @
eckE vev
x(0(v)) = 2y VveVv\{r} 1 y
x(6(r)) < 2 © '
x(5(S)) > 2y, VSCV\{r},ves /é_‘_@/ '“*
5
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cut constraints
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vertex connectivity
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An LP formulation

degree constraints

Z CoXe + Z (1 — W)

eckE veVv
x(6(v)) = 2n VveV\{r}
x(6(r)) < 2
x(6(8)) = 2y VSCV\{r},ves ‘
yo =1 7,
Xe = 0 Vee E
cut constraints e [0,1] VYvev 3

vertex connectivity
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Threshold rounding

Threshold rounding with threshold ~

Apply Christofides on V., == {v € V: y, > ~}.

min Z CoXo + Z m(1—w)

x(6(v))
x(6(r))
x(6(S))

\Z

V4%

vev

VoA

m WV

2y, VveV\{r}

2

2y, VSCV\{r},ves
1

0 Vee E

[0,1] VveV
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Threshold rounding

Threshold rounding with threshold

Apply Christofides on V., == {v € V: y, > ~}.

min Z CoXo + Z m(1—w)

x(6(v))
x(6(r))
x(6(S))

\Z

V4%

vev

VoA

m WV

2y, VveV\{r}

2

2y, VSCV\{r},ves
1

0 Vee E

[0,1] VYveVv

Example: v = 3/5
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Threshold rounding

Threshold rounding with threshold ~

Apply Christofides on V., == {v € V:y, > ~}.

min Zcexe +Z7rv(1 — W)

eckE

x(6(v

vev

VoA

m Vv

vv e V\{r}
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Vee E
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Threshold rounding

Threshold rounding with threshold ~

Apply Christofides on V., == {v € V:y, > ~}.

min Zcexe +Z7rv(1 — W)

eckE vev O
x(6(v)) = 2n VveV\{r}
x(6(r)) < 2
x(6(S)) = 2y, VSCV\{r},ves
vy = 1
Xe = 0 Vee E O
yo € [0,1] VveVv

Example: v = 3/5
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Recalling Christofides’ Algorithm

Christofides’ Algorithm

1. Take a shortest spanning tree T. o
2. Add a shortest odd(T)-join J.

3. Take an Eulerian tour, shortcut. o O o O O
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Recalling Christofides’ Algorithm

Christofides’ Algorithm

1. Take a shortest spanning tree T.
2. Add a shortest odd(T)-join J.

3. Take an Eulerian tour, shortcut.

Held-Karp relaxation:

min E CeXe

eckE

x(6(v)) = 2 Vvev

x(6(S)) = 2 VSCV,S#0
Xe = 0 VecE

Wolsey’s analysis:
* 1 *
e(T)<c'x* and c(J) < ECTX

= LP-relative 3/2-approximation
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Analyzing threshold rounding: Linking the LPs

(x, y) feasible for PCTSP LP @

l «%

[tour length < gcTz]

@

\Z :{veV:y.,:1}

5
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Analyzing threshold rounding: Linking the LPs
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Analyzing threshold rounding:

Linking the LPs

(x, y) feasible for PCTSP LP
Y

lsplitting off

[z feasible for Held-Karp LP on V. ]

!

3 T
[tourlengthg 3 -C z]

"

A

é,/&

@

.5

Voy={veViy> v} (for v = 3/s)

o
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Analyzing threshold rounding

: Linking the LPs

[ (x,y) feasible for PCTSP LP]

1

2 x connects Vy

lsplitting off

[z feasible for Held-Karp LP on V. ]

!

3 T
[tourlengtth o (3 z]

b
— /. m—

Vo ={veV:y 2}tory=3p
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Analyzing threshold rounding: Linking the LPs
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Analyzing threshold rounding: Linking the LPs

[ (x, y) feasible for PCTSP LP ]
vy
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T
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Analyzing threshold rounding

: Linking the LPs

[ (x, y) feasible for PCTSP LP ]
vy

lsplitting off

[z feasible for Held-Karp LP on V. ]

!

=
tour length < % .c'x

Incurred penalties:

Zm

vgv

<

>

vev: <y

>

vev: <y

Ty
1—w
11—y

v
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Analyzing threshold rounding

: Linking the LPs

[ (x, y) feasible for PCTSP LP ]
vy

lsplitting off

[z feasible for Held-Karp LP on V. ]

!

3 AT
tour length < 2y C X

Incurred penalties:

Sa= ¥ om

vEv veV: y<vy

SZ%W

vev: y,<vy

l

v

penalty < - (1 —y)
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Analyzing threshold rounding: Linking the LPs

[ (x, y) feasible for PCTSP LP ]

l Incurred penalties:
Sa- ¥ om
lsplitting off vev VEV: <y
1—w
[z feasible for Held-Karp LP on V. ] < Z 11—~ wy
vev: yy <y
tour length < 2 - ¢ x penalty < —— .7 (1 —y)

- 2y — 1=

5/2-approximation for y = 3/s.
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Improving the approximation guarantee

— beyond thresholding —



A major weakness of thresholding

> Transformation from LP solution x to Held-Karp solution z:

ﬁ{ splitting off O A

Idea: Unpack splitting off operations

> Can we stay within the budget %ch?

» Can we improve the bound on the penalty?

9/14



Opening the blackbox

Christofides’ Algorithm

1. Take a shortest spanning tree T.
2. Add a shortest odd(T)-join J.
3. Shortcut.

z € Pyk obtained from PCTSP solution x
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Opening the blackbox

1. Sample T with marginals ~ z, undo
splitting off for sampled edges.
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Opening the blackbox

1. Sample T with marginals ~ z, undo
splitting off for sampled edges.

— E[e(T)] <c'x

Christofides’ Algorithm

1. Take a shortest spanning tree T.
2. Add a shortest odd(T)-join J.
3. Shortcut.

We have odd(T) C V!

= E[c(J)] < icTz< lcTx

—> Extra coverage at expected cost gch.

10/14



Analyzing penalties

For v ¢ V., we want to bound

P[v is not covered by the extended tree]

1

Excerpt of the PCTSP LP solution x.
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2 Voe
!

-3,
-3

P

1
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Analyzing penalties

For v ¢ V., we want to bound

P[v is not covered by the extended tree]
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< H P[w is not sampled]
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negative correlation
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Analyzing penalties

For v ¢ V., we want to bound

P[v is not covered by the extended tree]

= P[no walk w € W, through v is sampled]

Vv .
/ < H P[w is not sampled]
3. /_J wew,
-3
~ 1—-2z
o negative correlation ng ( 2
1 Qo
A
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Analyzing penalties

For v ¢ V., we want to bound

P[v is not covered by the extended tree]

= P[no walk w € W, through v is sampled]

H P[w is not sampled]

wew,

I1¢-2

wew,

A T & < eXP(— Z Zw)

weWw,

S
ZZ\\/\ I

negative correlation

Excerpt of the PCTSP LP solution x.
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Analyzing penalties

For v ¢ V., we want to bound

P[v is not covered by the extended tree]

= P[no walk w € W, through v is sampled]

Vv .
/ < H P[w is not sampled]
&2 /_J wew,
=3 ~ if walks pass
b . | D) P
negative correlation W through v once
A L < eXP(— Z Zw) = exp(—y) -
2 wew,

Excerpt of the PCTSP LP solution x.
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Analyzing penalties

Excerpt of the PCTSP LP solution x.

ZZ\/\ I

negative correlation

For v ¢ V., we want to bound

P[v is not covered by the extended tree]

wew,

I1¢-2

wew,

H P[w is not sampled]

= P[no walk w € W, through v is sampled]

if walks pass
through v once

< exp(— Z zw) = exp(—wn) -

weWw,

— total expected penalty

>

vev: y<vy

exp (—) -,
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We are not done yet!

(Wrong) assumption

Total weight of walks at v after undoing splitting = y, .

— ' o i Yo =1
_— %’—Q: :D—‘é Yo 1h
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We are not done yet!

(Wrong) assumption

Total weight of walks at v after undoing splitting = y, .

— 1/ Yo=1/

Construct trees when undoing splitting off s.t.
yv = total tree weight at v.

O O OO
u w, U w,
use the walks W and %%— for replacement
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Wrapping up

Let (x*,y™) be a PCTSP LP solution. For threshold v € (0, 1], we get in poly time a cycle C = (V¢, Ec) with

3 o y
C(Ec)+F(V\Vc)§?-CTX + Z Ty - €xp (—34yv>
')’ vVEV: y;/<'y ry
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Wrapping up

Let (x*,y™) be a PCTSP LP solution. For threshold v € (0, 1], we get in poly time a cycle C = (V¢, Ec) with

o(Ee) +m(V\ Vo) < = > e 3 m.exp(_%>

4
vev: y, <y v

» To compare to the LP value:

3 * _3 . 3 _3
exp (- < exp(=9/4) (1 —y)) — max q — exp(=%/4) —approximation
4y 1—7 2y’ 1—x

=2 + exp(—%/4) < 1.973
for v ~ 0.761

> Better guarantee through randomized choice of ~.
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A randomized threshold choice

penalty costs at y;

Discretization: v = ﬁ foric [N] and y = ]N forj e [N] .
cycle cost
/
DE-LIE ar’
i€{1,...,N} i
3y .
> exp(_ry/)z' < (=)o YeNq |
min { a: i€{1,0. N} vi>y L
> s =
i€{1,...,N}
z > 0 Vi e [N]

probability for choosing threshold ;
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A randomized threshold choice

Optimal threshold density

3.8
—— experimental
3.6
LP solution:
347 optimal value o =~ 1.773
non-zero on interval [b, 1] for b &~ 0.6952

3.2

3 —
2.8
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A randomized threshold choice

3.8

3.6

Optimal threshold density

—— experimental
----closest guess

LP solution:
optimal value o = 1.773
non-zero on interval [b, 1] for b &~ 0.6952

Closest guess:
Proportional to exp(—2/y) on [b, 1].
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A randomized threshold choice

Let (x*,y™) be a PCTSP LP solution. For threshold v € (0, 1], we get in poly time a cycle C = (V¢, Ec) with

c(Ec) +m(V\ Ve) < 21 e X+ Z Ty - exp (_Sy,,)
fy vEV:y;,<'y 'Y

> Such randomized choice of v gives an approximation guarantee

max /1 iexp(—b/ ) dv, max ! /1 exp(—3—y> exp(—2/~) dvy
b 27 VD e 1 —y max{b,y} 4 !

/ " exp(—t/) dy

o=
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A randomized threshold choice

Let (x*, y*) be a PCTSP LP solution. For threshold v € (0, 1], we get in poly time a cycle C = (V¢, E¢) with

3 « 3y
o) +7(V\Ve) S o= -ex"+ > mexp <_L)
v veVv: y, <y 2

> Such randomized choice of v gives an approximation guarantee

'3 1 ! ( 3y>
max — exp(—b/y)dy, max —— exp| ——— ] exp(—2/~) dvy
{/b 2y (=) dy Y€ 1 =¥ Jimax{b,y} 4y (=)
a= .

/ " exp(—t/) dy

For b = 0.6945, we can show o < 1.774.

> LP technique gives computational lower bound > 1.773.
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