
� ���������	��
�
�
����������������������! "��
#�$��%�� &'��
(��%�)+*,�-).�!��)�
�/0
���12��)3� �!�546
-�7
2%�8

9;:=<'>@?BADC�EGFIHG?BJLK-MON C2?BA-P2Q3RFIJSHG<TA0U�JVREBWX<ZY\[

]_^I`baScedgfha
i2j\kZl�jnmojnpeq.r�sSjnpTj$l@rbtBuvq�j$l@r�q�uxwLj�yzl@rS{�j$|-}Sl�~�y�}bl�u�{�kZl�}�whu�pTs7q��Zj
kVj$loy�}Sl�{�rbpT�nj.l@rbq�u�}7}by#�eq�jnu�pTj$l-qol�jnj�rbkTkZl�}!�'u�{�rbq�u�}Lp�rbtxsS}Sl�uvq��T{�mn�
����rSkTkZtv�Zu�pZs�q��Zu�m"y�l@rb{�j$|I}bl�~�q�}�}LpTj�mokVjn�nuv�T��rSt�sS}Sl�uvq��T{6|Ij
}S�Zq@rSu�p(rOpTj$|�kV}Ltv�'pT}S{�uxrSt,q�u�{�j�rSkZkZl�}!�'ux{�r�q�u�}Lp�rSt�sS}Sl�uvq��T{
y�}Sl�q��Zj��eq�jnu�pTj$l�qol�jnj�kZl�}S�Tt�jn{�uxp�sbl@rSkT�Zm�q��Trbq�rS�@�Tu�jnw=jnm�r
kVj$loy�}Sl�{�rbpT�nj�l@rbq�u�}�}by��S� �b�L��r�y�q�j$l,�L��uvq�j$l@r�q�u�}LpTmn���I�Zuxm��Vj!rbq�m
q��Zj�mo}�y r�l\�Vjnm¡q�~'pZ}!|¢p�y rS�£q�}Sl�}Sy¢�S� ¤b¥L¥,¦Z§Tj�q�}�¨�rbl�kZuxpZmo~hu#rSpT¦
©Vjnt�u�~=}�w'mo~e��ªv�!«S¬­�,i®u�q���q��Tj��Tjnt�k�}by.r��n}L{�kZ§Zq�j$l�k'l�}LsSl@rb{¯|Ij
jnm¡q�u�{�r�q�j;q��Zj-t�u�{�u�qBkVj$loy�}bl�{�rSpZ�nj-}byT}S§Zl�rbtxsS}Sl�uvq��T{Xq�}3�Vj.�L� �S�S�'�

° ±b² abce³�´-µ�f'aS¶·³ ²
¸�¹zºZ»b¼¾½À¿'Án½hÂgÃ�Ä Å ÆÈÇ.É£Ê"Ë!Ì®½¯Í@ÎgÏÐÍ@»bÑÓÒ Ô ÇÖÕh×
Ø¡ÙbÚ!Û,Ü ÝBÞeß�à ½h¼Ðáâ½äã�»b¼g¿'Ñ£Ãâ×­Îg¼æå�Ñ£¹�Õ'¼èçâé�Êëê ì�Õ'¼DÑ£Ãg»
»SáV¿Z»SÍ,Õh×�Ä�Ì¢Ñ$Ãg»b¼äÑ£Ãæ»�í Ø¡ÙbÜ ÝBÙbÚïîVÚ£ÙnÙ�ð�Ú£ñ'òbßzÙbÛ ½'Í£óVÍ�×­ÕZÁô½
Í@ÃæÕ'Á£Ñ£»SÍ@Ñ�¼g»bÑ�õ3ÕZÁ£óâå�ÕZ¼g¼g»Så�Ñ£¹�¼g¿OÑ$Ãg»�ºZ»bÁ£Ñ£¹�å�»SÍ�Õh×ôÒ�öø÷�Ãæ»
ùTÑ£»S¹z¼æ»bÁ_Ñ$Á£»S»úÂgÁ$Õ'Ïgã�»bûü½hÂgÂB»S½'Á$Í_¹z¼Oûô½h¼þý�áV¹zÿB»SÁ£»S¼ZÑ�óT¹�¼æágÍ
Õh×�½hÂgÂgã�¹�åb½eÑ$¹zÕZ¼æÍSö��gÕZÁú»��g½hû�Âgã�»®¹z¼DÑ£Ãæ» ÝBÙbØ��.ñhÚ��äÚ£ñ	�VØ Ü Ý�
� Ú£ñZò�ß�Ù�Û ½�å�ÕZû,û"Îg¼g¹�åb½hÑ£¹�Õ'¼�Í£»bÁ$º'»SÁ�Ãæ½ZÍ�Ñ$Õ�ág¹�Í@Ñ£Á$¹zÏæÎVÑ£»�Ñ£Ãg»
Í£½'û�»�ág½eÑn½�Ñ£Õ�Í@»Sº'»bÁn½hã;¼gÕVáV»SÍ�¹z¼�½_¼g»�Ñ�õ�Õ'Á$ó�Ïþý�Í@»Sãz»Lå!Ñ$¹z¼g¿�½
û�¹z¼g¹�û�Îæû å�ÕZÍ@Ñ�Í£»�Ñ�Õh×�ãz¹�¼góVÍ¢Ñ$Ãæ½eÑ\å�ÕZ¼g¼g»Lå!Ñ�Ñ£Ãg»�Í@»SÁ£ºZ»bÁ Ñ$Õ,½'ãzã
¼gÕVáV»SÍSö�
�Ñ$Ãg»bÁ"»��g½hû�Âgã�»SÍ�Õh×�½'ÂgÂgã�¹�åS½eÑ£¹�Õ'¼ÐÍ�Õh×7ùþÑ£»b¹�¼g»SÁ�Ñ$Á£»S»
ÂgÁ$Õ'Ïgã�»bûôÍ�½hÁ$»,Ñ£Ãg»_åbÕ'û�ÂgÎVÑn½eÑ$¹zÕZ¼�Õ'×�ÂgÃþýþã�Õ'¿'»S¼g»�Ñ$¹�å"Ñ$Á£»S»SÍ�¹�¼
Ïg¹�Õ'ã�Õ'¿'ýôÕZÁ�Ñ£Ãg»�Á$Õ'ÎgÑ£¹�¼g¿�ÂgÃæ½'Í£»�¹z¼����-ù����oáV»SÍ£¹z¿Z¼�ö

÷�õ3Õ�×·½hû�Õ'ÎæÍ�Í£ÂÐ»Lå�¹�½hãIåb½'Í£»SÍ�Õh× Ñ$Ãg»�ùþÑ£»b¹�¼g»SÁ7Ñ$Á£»S»�ÂgÁ$Õ'Ï��
ãz»Sû ¹�¼X¿ZÁ$½'ÂgÃæÍ�½hÁ$»�Ñ$Ãg»�� ���bß�Ü��'ÙnÞeÝ ùTÑ£»S¹z¼g»SÁ�Ñ£Á$»b»2ÂgÁ$Õ'Ïgã�»bû½h¼æá�Ñ$Ãg» Ú£Ù��bØÈÜ ß�Ü ÝGÙnÞeÚ ùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b»�ÂgÁ$Õ'Ïgã�»bû�ö��o¼úÏÐÕ'Ñ£ÃúÂgÁ$Õ'Ï��ãz»SûôÍ�Ñ£Ãg»_Ñ$½'Í£ó�¹�Í�Ñ$Õ! æ¼æá�½úÍ£ÃgÕ'Á£Ñ£»LÍ�Ñ�¼g»bÑ�õ3ÕZÁ£ó�åbÕ'¼g¼æ»Så!Ñ$¹z¼æ¿
¿'¹�º'»S¼�ÂÐÕZ¹z¼TÑnÍ�¹�¼�Ñ$Ãg»�Âgã�½'¼g»'ö�÷�Ãg»,Õ'¼æãzýúáV¹zÿB»SÁ£»S¼æå�»,¹�¼�Ñ£Ãæ»SÍ£»
Í@ÂB»Såb¹�½'ãgåb½ZÍ@»LÍ�¹�ÍIÑ$Ãg»\û�»�Ñ£Á$¹�å3ÎÐÍ@»Lá�Ñ$Õ�û,»L½'Í£ÎgÁ$»�ág¹�Í@Ñ$½'¼æå�»LÍbö"�o¼
Ñ£Ãg»$#.Îæå�ã�¹�ág»S½h¼�ùTÑ$»b¹�¼g»bÁ�Ñ$Á£»S»,ÂæÁ£ÕZÏgãz»Sû6áV¹�Í�Ñn½h¼æåb»SÍ�½'Á£»,û�»S½	�
Í@ÎæÁ£»Lá�ÏTýXÑ£Ãæ»&%(''Ì�¹ ö »ZöèÑ£Ãg»)#¢Îæåbãz¹�áV»L½h¼Oû�»�Ñ$Á£¹�åhÌ�õ\Ãæ¹zã�»�¹�¼
Ñ£Ãg»,Á$»Så!Ñ$¹zã�¹�¼g»S½'Á�ùTÑ$»b¹�¼g»bÁ�Ñ$Á£»S»"ÂgÁ$Õ'Ïæãz»Sû áV¹�Í@Ñ$½'¼æå�»LÍ7½'Á£»"û�»S½	�
Í@ÎæÁ£»Lá�ÏTý�Ñ£Ãæ»*%�+�û,»bÑ£Á$¹�å'ö�÷�Ãg»SÍ£»�Ñ�õ�Õ_Í£ÂÐ»Lå�¹�½hãIåb½'Í£»SÍ�Õh×IÑ£Ãg»
ùTÑ£»S¹z¼æ»bÁ�Ñ£Á$»b»�ÂgÁ$Õ'Ïgã�»bû Ãæ½=ºZ»�ÏB»b»b¼�Í@Ñ£ÎæáV¹�»Sá�¹z¼TÑ$»b¼æÍ£»bã�ý'ö-,�Õeõ.�
»bºZ»bÁLÌæùTÑ£»S¹z¼g»SÁ�Ñ$Á£»S»�ÂgÁ£ÕZÏgã�»bûôÍ�½hÁ$¹�Í@¹�¼g¿�¹z¼�ÂgÁn½'å�Ñ£¹�åb½'ã;½hÂgÂæãz¹�åb½/�
Ñ£¹�Õ'¼æÍ�ÎæÍ£Îæ½'ãzã�ýú¹z¼þºZÕ'ã�º'»"åbÕZÍ@Ñ7×­Îæ¼æå!Ñ$¹zÕZ¼æÍ�Ñ£Ãæ½hÑ�ágÕ2¼æÕhÑ�Í£½hÑ£¹�Í�×­ý
Ñ£Ãg»0% + ÕZÁ1% ' û�»�Ñ$Á£¹�åhöú÷�Ãg¹�Í�û�Õ'Ñ£¹�º=½hÑ£»LÍ�Ñ£Ãg»�Í�Ñ$ÎæáVý�Õh×�Ñ£Ãg»
ùTÑ£»S¹z¼æ»bÁ_Ñ$Á£»S»32¢Á$Õ'Ïgã�»bû	¹z¼O¿ZÁ$½'ÂgÃæÍSöâùþ¹�¼æåb»�¹z¼�Ñ$Ãg»�ùTÑ$»b¹�¼g»bÁ4�5"687:9/;=<?>A@�BDC"E8F G�HJILK�F @�MN @3OJ6QPRHSI�<?F?E�T$UDE8K�@LF @�6A@�V�M6AI�UDEWVX;=I�7 N @LF?Y/TZS[=[=\=\ PRHJIL<?F?E]T	^`_ba"ced`fhg�TAi8;=68j N I�>Ak	l`F?EWVX;=I�7 N @LF?Y/m iW6WBD9/HSI�<?F?E�m >8Hn 5"687:9/;=<?>A@�BDC"E8F G�HJILK�F @�MN @3OJ6QPRHSI�<?F?E�T$UDE8K�@LF @�6A@�V�M6AI�UDEWVX;=I�7 N @LF?Y/TZS[=[=\=\ PRHJIL<?F?E]T	^`_ba"ced`fhg�TAo8IL;pHJ7qHJ<rl`F?EAVX;=I�7 N @LF?Y/m ip6ABD9/HJIL<?F?E�m >8H

Ñ£Á$»b»�ÂgÁ$Õ'Ïgã�»bû ¹z¼ú¿ZÁ$½'ÂgÃæÍ\õ�»�áVÕ_¼æÕhÑ�Ãæ½=ºZ»�½h¼þý�Á$»SÍ@Ñ£Á$¹�å�Ñ£¹�Õ'¼æÍ
Õ'¼�Ñ$Ãg»�ã�»b¼g¿'Ñ£Ã�×­Îg¼æå!Ñ$¹zÕZ¼ï×­ÕZÁ�Ñ£Ãæ»�»LáV¿'»LÍ�¹�¼�Ñ£Ãæ»�¿ZÁ$½'ÂgÃ�ÌIõ3»
åb½h¼2û�ÕVáV»bã-½h¼þý�ùTÑ$»b¹�¼g»bÁ\Ñ$Á£»S»�ÂgÁ$Õ'Ïgã�»bû ¹�¼�½h¼þý_û�»bÑ£Á$¹�å�Ïþý�½
ùTÑ£»S¹z¼g»SÁ�Ñ£Á$»b»�ÂgÁ$Õ'Ïgã�»bû ¹z¼2¿'Án½hÂæÃæÍbö

÷�Ãæ»âùTÑ$»b¹�¼g»bÁXÑ£Á$»b»DÂgÁ£ÕZÏgã�»bûÖ¹�Íä½�õ�»bã�ã�óþ¼gÕeõ\¼ts�2-�
å�Õ'û�Âgã�»�Ñ$»�ÂgÁ$Õ'Ïgã�»bû »bºZ»b¼�¹z¼�Ñ£Ãg»�ºZ»bÁ$ý�Í£ÂÐ»Lå�¹�½hã;åS½'Í£»SÍ\Õ'×u#¢Îv�
å�ã�¹�áV»L½h¼�ÕZÁ�Á$»Så�Ñ£¹�ãz¹�¼g»L½hÁ-û,»bÑ£Á$¹�å'ö�÷�Ãg¹�Í�×·½'å�Ñ-Á$¹�Í£»SÍ;Ñ£Ãæ»�wTÎg»LÍ�Ñ$¹zÕZ¼
×­Õ'Á�ÂæÁ£Õeºe½hÏæãzý2¿'ÕþÕVáúÃg»SÎgÁ£¹�Í@Ñ£¹�åbÍ\×­ÕZÁ�Ñ$Ãg»SÍ£»�ÂæÁ£ÕZÏgãz»SûôÍböyx�Á$Õ'Án½zr{=| Ãæ½'Í�Í@ÃæÕeõ\¼DÑ$Ãæ½eÑ)#¢Îæåbãz¹�áV»S½'¼è½h¼æá Á$»Så�Ñ£¹�ãz¹�¼g»S½'Á�ùTÑ$»b¹�¼g»bÁ
Ñ£Á$»b»,ÂgÁ£ÕZÏgã�»bûôÍ�½'áVû�¹zÑ�½2ÂBÕ'ã�ýþ¼gÕ'û�¹�½hã-Ñ£¹�û�»�½'ÂgÂgÁ$Õ8�V¹zûô½eÑ$¹zÕZ¼
Í£ånÃg»Sû�»'Ì ¹ ö »ZözÌ Ñ$Ãg»býïåS½h¼ïÏB»�½hÂgÂgÁ$Õ8�V¹zûô½hÑ£»Sá®¹�¼�ÂBÕ'ã�ýþ¼gÕ'û�¹�½hã
Ñ£¹�û,»�ÎæÂ�Ñ$Õô½�×·½Zå!Ñ$Õ'Á\Õh× {:}�~ ×­Õ'Á�½'¼Tý�å�Õ'¼ÐÍ�Ñn½h¼TÑ ~q��� ö�o¼OåbÕ'¼TÑ£Án½'Í@Ñ"Ñ$Õ�Ñ£Ãg»LÍ@»�Ñ�õ�Õ�Í@ÂB»Såb¹�½'ã�åb½'Í£»SÍ,Ñ$Ãg»�ùTÑ$»b¹�¼g»bÁ
ÂgÁ£ÕZÏgã�»bû¯¹�¼�¿ZÁ$½'ÂgÃæÍ�¹�Í�óþ¼gÕeõ\¼�Ñ£Õ,ÏÐ»�x�2u���¡åbÕ'û�Âgã�»�Ñ£» z �	|�z �A| Ì
õ\Ãg¹�ånÃôû�»L½h¼æÍ.Îg¼gã�»SÍ$Í(2�Åys�2�Ñ£Ãg»SÁ£»7åb½h¼æ¼gÕhÑ.»p�V¹�Í@Ñ3½�ÂBÕ'ã�ýþ¼gÕ/�
û,¹�½hãgÑ£¹�û,»�½hÂgÂæÁ£Õ8�V¹�û�½hÑ£¹�Õ'¼�Í£ånÃæ»bû�»�×­Õ'Á.Ñ£Ãg¹�Í¢ÂgÁ$Õ'Ïæãz»Sû2ö�,�»SÁ£»
õ3»�õ\¹zã�ã�ÂgÁ$»SÍ£»b¼TÑú½XÂBÕ'ã�ýþ¼gÕ'û�¹�½hã�Ñ£¹�û�»�½hÂgÂgÁ$Õ8�V¹zûô½hÑ£¹�Õ'¼0½'ãr�
¿'Õ'Á$¹zÑ£Ãgû+×­Õ'Á,Ñ$Ãg»�ùTÑ£»S¹z¼g»SÁ�Ñ£Á$»b»2ÂgÁ$Õ'Ïgã�»bû ¹�¼X¿ZÁ$½'ÂgÃæÍ"õ\Ãg¹�ånÃ
½'ånÃg¹�»bºZ»SÍ�½�ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»ôÁ$½hÑ£¹�ÕúÕh× { ö �����gö�÷�Ãg¹�Í�ÏB»S½hÑ$Í�Ñ£Ãg»
Í@Õ,×·½hÁ�ÏÐ»LÍ�Ñ�óþ¼gÕeõ\¼2×·½Zå!Ñ£ÕZÁ�Õh× { ö �/�]� áVÎg»�Ñ£Õ0��½hÁ$Âg¹z¼ÐÍ@óþ¹�½h¼Ðá� »bã�¹zóZÕeºVÍ@óþý zr{A�8| öÓ÷�Ãg»ú¼g»bõ�¹�áV»S½�Õh×�Õ'ÎæÁ_½hã�¿'Õ'Á$¹zÑ£Ãgû ¹�Í�Ñ£Õ
¹xÑ$»bÁn½eÑ£¹�º'»Sãzý®ÎæÍ£»ú½�ÂÐ½hÁn½hû�»�Ñ$»bÁ$¹��S»SáXùþÑ£»b¹�¼g»SÁ"Ñ$Á£»S»ú½hã�¿'Õ'Á$¹zÑ£Ãgû
Ñ£Õ2¹zû�ÂgÁ$Õeº'»�Ñ$Ãg»ôÍ@ÕZãzÎgÑ£¹�Õ'¼�×­ÕZÎg¼æá�Í@Õ�×·½hÁ�Ïþý�Ñ£Ãg»ô½hã�¿'ÕZÁ£¹zÑ£Ãæû2ö
÷�Ãg¹�Í.¹�Í3áVÕ'¼æ»\ÏTý�Í£Îæåbåb»SÍ$Í@¹�º'»Sãzý,½'ágáV¹�¼g¿�¹�¼_½�å�»SÁ@Ñn½h¹�¼�õ�½=ý,½'á��
áV¹xÑ$¹zÕZ¼æ½hã3Ñ£»SÁ£û�¹�¼æ½hã�Í�Ñ$Õ�Ñ$Ãg»2Í£»�Ñ,Õh×�Ñ$»bÁ$û�¹z¼æ½'ã�Í�¿'¹�º'»S¼ï¹z¼ïÑ£Ãg»
ÏÐ»S¿'¹�¼g¼g¹�¼g¿æö3�OÃæ¹zã�»_Ñ$Ãg¹�Í,å�ã�»S½'Á£ã�ý�õ3ÕZÁ$Í£»b¼æÍ�Ñ$Ãg»2º=½'ãzÎæ»_Õh×�½'¼
Õ'ÂVÑ$¹zûô½hãGÍ£Õ'ã�ÎVÑ£¹�Õ'¼_õ�»�ÂæÁ£ÕeºZ»\Ñ£Ãæ½hÑ�Ïþý_ånÃgÕþÕTÍ@¹�¼g¿�Ñ$Ãg»7ÕZÂVÑ£¹�ûô½hã
Í@»AwZÎæ»b¼æåb»�Õh×,Âæ½hÁn½hû�»bÑ£»bÁnÍô×­ÕZÁ2Ñ£Ãg»�½hã�¿'ÕZÁ£¹zÑ£Ãæû	Ñ$Ãg»®ÂÐ»SÁ@×­ÕZÁS�
û�½'¼æå�»�Án½eÑ$¹zÕôáV»Lå�Á$»S½'Í£»SÍ�ÎæÂ�Ñ$Õ_½�å�»bÁ£Ñ$½'¹z¼�ÂBÕ'¹�¼TÑ\×·½'Í@Ñ£»bÁ�Ñ$Ãæ½h¼
Ñ£Ãg»$wTÎæ½hã�¹zÑ�ýú¿'»�ÑnÍ�õ3ÕZÁ$Í£»'ö*x\× Ñ£»SÁ {�{ Í@ÎÐånÃ�¹zÑ£»SÁ$½hÑ£¹�Õ'¼æÍ�õ�»,½'ãr�
Á£»L½'áVý_¿Z»�Ñ�½,ÂB»bÁ£×­Õ'Á$û�½'¼æå�»�Án½eÑ$¹zÕôÕ'× { ö �����gö-��ý�½ôåbÕ'û�ÂgÎVÑ$»bÁ
ÂgÁ£ÕZ¿'Án½hû¾õ�»ôÃæ½=º'»ô¼þÎgû�»SÁ£¹�åb½'ãzã�ý�»SÍ@Ñ£¹�ûô½eÑ$»Sá�Ñ£Ãæ»_ãz¹�û�¹xÑ"ÂÐ»SÁS�
×­Õ'Á$û�½'¼æå�»�×­Õ'Áy�ú¹xÑ$»bÁn½eÑ£¹�Õ'¼ÐÍ\×­Õ'Áe�2ê���½h¼Ðá�¹xÑ�Ñ£ÎgÁ$¼g»LáúÕ'ÎVÑ
Ñ£Ãæ½hÑ\Ñ£Ãg¹�Í�ºe½hã�Îg»�¹�Í\½'ÏÐÕZÎVÑ { ö?�/�]�gö
� � c	����¶·³Bµ�`��0�T`Lµ`�­aS`�d ² ´O³Bµ;c��"³ ² abce¶­^Iµ�aS¶·³ ²
÷�Ãg»bÁ$»�»��V¹�Í@Ñ_Í@»Sº'»SÁ$½'ã�ág¹xÿG»bÁ$»b¼TÑ_Ãg»SÎgÁ£¹�Í@Ñ£¹�åbÍ,×­Õ'Á�Ñ$Ãg»�ùTÑ$»b¹�¼g»bÁ
Ñ£Á$»b»¢ÂgÁ$Õ'Ïæãz»Sûâ¹�¼�¿ZÁ$½'ÂgÃæÍSöh��ÎVÑ-ÕZ¼gã�ý�×­»SõïÕh×VÑ$Ãg»bû Ãæ½=ºZ»¢ÂgÁ$Õeº]�
½hÏgã�ý�¿'ÕþÕVá"ÂÐ»SÁ@×­ÕZÁ£ûô½h¼Ðå�»�Á$½hÑ£¹�ÕZÍSö�÷-½hÏgã�» { ¿Z¹zºZ»SÍ ½�Í£ÎgÁ£ºZ»bý�ÕZ¼
Í@ÎæånÃ�Á$»SÍ£ÎgãzÑ$ÍSö7Æ·÷�Ãæ»�½hã�¿'ÕZÁ£¹zÑ£Ãgû Õh×u2¢Á8 Õ'û�»bã�½'¼æáúùTÑ£»S¿'»SÁ zr{]{=|
¹�Í¢½�Án½h¼æágÕ'û�¹��S»Sá,½hã�¿'ÕZÁ£¹zÑ£Ãgû�Ì'½'ãzãæÕhÑ£Ãæ»bÁ¢½hã�¿'ÕZÁ£¹zÑ£Ãæû�ÍIã�¹�Í�Ñ$»Sá,¹z¼
Ñ£Ãg»IÑn½hÏgã�».½hÁ$» áV»�Ñ$»bÁ$û�¹z¼g¹�Í@Ñ£¹�å¢½hã�¿'ÕZÁ£¹zÑ£ÃgûôÍSö�÷�Ãg»¢ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»
Á$½hÑ£¹�Õ { ö¢¡	£ � ¹�Í.Ñ£Ãg»7º=½'ãzÎæ»\Ñ£Ãæ½hÑ3¹�Í¢ÕZÏVÑ$½'¹z¼g»LáôÏþý,½'ÂgÂgã�ýþ¹z¼g¿�Ñ£Ãg»
�

This paper appeared in: Proceedings of the Tenth Annual ACM-SIAM Symposium on Discrete Algorithms 1999, 448-453



�
Á$»SÍ£ÎgãzÑ�Õ'×���ÕZÁ$ånÃg»SÁ$Í�½h¼Ðá0¤7Î z � | Ñ£Õ z ��| ö¢÷�Ãæ»�ºe½'ãzÎg»�¿Z¹zºZ»b¼2¹z¼z �/| ¹�Í { ö¢¡ ��� Ë!ö�x�ã�ã�ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»7Án½eÑ$¹zÕTÍ3¿Z¹zºZ»b¼2¹z¼�Ñ£Ãæ¹�Í\ÂÐ½hÂB»bÁ
½'Á£»�Á$Õ'Îg¼æág»Sá�ÎgÂ2Ñ£Õ,Ñ£Ãg»�Ñ$Ãg¹�Á$á�áV¹�¿'¹zÑSö
¥ »L½hÁ 2I»SÁ@×­ÕZÁ£ûô½'¼æå�» x�ÎgÑ£ÃgÕZÁ$Í¦ ½eÑ$¹zÕ{ ��� � � ö ���]� ÷-½hóe½hÃæ½ZÍ@Ãæ¹ÈÌ�§�½hÑ$Í£ÎgýZ½'ûô½ z�{A�A|{ ����£ { ö ��£ � � »Sãz¹�ó'ÕeºVÍ£óTý z�{ £ |{ ��� � { ö¢¡	£ � ��»bÁ$ûô½h¼�Ì ¦ ½'ûô½h¹�ý'»bÁ z �/|{ ���]� { ö � � � � »Sãz¹�ó'ÕeºVÍ£óTý z�{p�/|{ ����¡ { ö ��� ¡ 2¢Á8 Õ'û�»SãÈÌæùTÑ$»b¿Z»bÁ z�{�{=|{ ����¡ { ö �/�]� ��½hÁ$Âg¹�¼æÍ£óT¹ Ì � »bã�¹�ó'ÕeºVÍ@óþý z�{W�8|{ ����� { ö?�/�]� ,�ÕZÎg¿Z½'Á$ágý'Ìv2¢Á8 Õ'û�»bã z Ñ£Ãæ¹�Í\ÂÐ½hÂB»bÁ |
÷�½'Ïgã�» { é¢ùTÑ£»S¹z¼æ»bÁ\Ñ$Á£»S»�½'ÂgÂgÁ$Õ8�V¹zûô½eÑ$¹zÕZ¼�½'ãz¿ZÕ'Á$¹xÑ$ÃgûôÍ
÷-½hóe½hÃÐ½'Í£Ãg¹B½'¼æá�§�½eÑnÍ@ÎgýT½hûô½ zr{8�A| õ3»SÁ£»7Ñ£Ãæ»� ÐÁ$Í@Ñ\ÂgÁ£Õeº��

¹�¼g¿�Ñ$Ãæ½eÑ3Ñ£Ãg»7õ3»SãzãÐóT¼æÕeõ\¼ôû,¹�¼g¹�û�Îgû¯Í£Âæ½h¼æ¼g¹z¼æ¿�Ñ£Á$»b»�Ãæ»bÎgÁ$¹�ÍS�
Ñ$¹�å�½ZånÃg¹�»bº'»LÍ�½®ÂÐ»SÁ@×­ÕZÁ£ûô½h¼Ðå�»�Á$½hÑ£¹�Õ�Õh× � ö0÷�Ãæ»úû,¹�¼g¹�û�Îgû
Í£Âæ½h¼æ¼g¹z¼æ¿ôÑ£Á$»b»"Ãg»bÎgÁ$¹�Í�Ñ$¹�å�¹�Í7Ïæ½'Í£»Sá�ÕZ¼úÑ£Ãg»"¹�ág»S½ôÕ'×¢¿'Á$»b»Ság¹zã�ý
½ZágáV¹�¼g¿�½�Í£ÃgÕ'Á£Ñ£»LÍ�Ñ,å�Õ'¼æ¼g»Så�Ñ£¹�Õ'¼�ÏB»�Ñ�õ�»b»b¼ï½ � ÞhÜ Ú Õh×�Ñ£»SÁ£û�¹��¼æ½'ã�ÍSö ÷�Ãæ¹�Í�¹�ág»S½�¼æ½hÑ£ÎgÁn½hã�ã�ýä»p�þÑ£»b¼ÐágÍ_Ñ$Õ�½'áæáV¹z¼æ¿XÍ£ÃgÕ'Á£Ñ£»LÍ�Ñ
åbÕ'¼g¼g»Lå!Ñ$¹zÕZ¼æÍ�ÏB»�Ñ�õ�»b»b¼¨�R© ØL� � ß�Ù!à Õh×�Ñ£»SÁ£û�¹�¼æ½hã�ÍbÌ;×­Õ'Áª ��þ»Lá«�Göx�ãzã�½'ÂgÂgÁ$Õ8�þ¹�ûô½eÑ$¹zÕZ¼_½hã�¿'Õ'Á$¹zÑ£ÃgûôÍ ×­ÕZÁ.Ñ$Ãg»�ùTÑ£»S¹z¼æ»bÁ�Ñ£Á$»b»7ÂgÁ£ÕZÏv�
ã�»bû ãz¹�Í�Ñ$»Sá2¹�¼�÷-½hÏæãz» { ½hÁ$»�Ïæ½'Í£»Sá�Õ'¼�Ñ£Ãg¹�Í�Í£¹zû�Âgã�»�¹�áV»S½æö

÷�Ãg»�ÂgÁ£»LÍ@»S¼TÑ�½hÂgÂgÁ$ÕZ½ZånÃâÑ£ÕÓ¿Z»�Ñ�ÏB»�Ñ£Ñ£»bÁ�ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»
Án½eÑ$¹zÕTÍ�×­Õ'ÁXÑ£Ãæ» ùTÑ$»b¹�¼g»bÁäÑ$Á£»S»0ÂgÁ$Õ'Ïgã�»bû ¹�¼ ¿ZÁ$½'ÂgÃæÍï¹�Í�Ñ£Õ
¹zÑ£»SÁ$½hÑ£¹�º'»bã�ýX½'ÂgÂgã�ýä½�Í@»SÁ£¹�»SÍôÕ'×�½hã�¿'Õ'Á$¹zÑ£ÃgûôÍ,Ñ£ÕïÑ£Ãg»�Õ'ÎVÑ$ÂgÎVÑ
Õ'×�¹zÑ$Í�ÂgÁ$»Ság»Så�»LÍ£Í£Õ'ÁLö ÷�Ãæ¹�ÍOõ�½=ý¯õ�»âÕZÏVÑ$½'¹z¼ Ñ£Ãæ» { ö?�/���
Á$»SåbÕ'Áná�ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»�Á$½hÑ£¹�Õ�×­Õ'Á"Ñ£Ãæ»úùþÑ£»b¹�¼g»SÁ"Ñ$Á£»S»�ÂæÁ£ÕZÏgãz»Sû
¹�¼_¿'Án½hÂæÃæÍböI÷�Õ�½'ånÃg¹�»bºZ»�Ñ£Ãg¹�Í3Á$½hÑ£¹�Õ�¹xÑ�¹�Í3Í@ÃæÕeõ\¼�Ñ£Ãæ½hÑ3Õ'¼æãzý {�{
¹zÑ£»SÁ$½hÑ£¹�Õ'¼æÍ�½hÁ$»�¼g»Lå�»SÍ$Í$½hÁ$ý'ö�÷�Ãg¹�Í7¹zû�Âgã�¹z»LÍ�Ñ$Ãæ½eÑ�Ñ£Ãæ»�Á$Îg¼g¼g¹�¼g¿
Ñ$¹zû�»�Õ'×�Ñ£Ãg»2½hã�¿'Õ'Á$¹zÑ£Ãgû�Õ'¼gã�ý�¹�¼æåbÁ£»L½'Í£»SÍ�Ïþý®½2×·½'å!Ñ$Õ'Á"Õh× {�{
åbÕ'û�Âæ½hÁ$»SáOÑ£ÕXÑ£Ãg»�Á£Îæ¼g¼g¹�¼g¿�Ñ$¹zû�»�Õh×�Ñ$Ãg»�Ïæ½'Í£»�½'ãz¿ZÕ'Á$¹xÑ$Ãgû
½'ÂgÂgã�¹z»Lá�¹�¼�»S½ZånÃ�Í@Ñ£»bÂ;ö

÷�Ãg¹�Í_¼æ»bõ¾½hÂgÂæÁ£ÕT½'ånÃäÂgÁ£Õeºþ¹�áV»SÍ�½®¿'»b¼æ»bÁn½hã\×­Án½hû�»bõ�Õ'Á$ó
Ñ$Ãæ½eÑ�åb½'¼(ÏB»ä½'ÂgÂgã�¹z»LáèÑ£Õ ½h¼þý óþ¼gÕeõ\¼�Ãg»SÎgÁ$¹�Í@Ñ£¹�å�×­ÕZÁ�Ñ$Ãg»
ùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b»ôÂgÁ$Õ'Ïæãz»Sû ¹z¼�¿ZÁ$½'ÂgÃæÍ�Ñ$ÕúÕ'ÏVÑn½h¹�¼®½�ÂBÕhÑ$»b¼TÑ£¹�½hã�ã�ý
ÏB»�Ñ£Ñ£»bÁ�½'ãz¿ZÕ'Á$¹xÑ$Ãgû�ö���»SÍ£¹�áV»LÍ�Ñ$Ãg»�ÂæÁ£»LÍ@»S¼ZÑn½eÑ$¹zÕZ¼úÕh× Ñ£Ãæ¹�Í�¿'»S¼v�
»SÁ$½'ãg×­Án½hû�»bõ�Õ'Á$ó�Ñ$Ãg»�ûô½h¹�¼�åbÕ'¼TÑ£Á$¹zÏæÎVÑ£¹�Õ'¼ôÕ'×GÕZÎgÁ.ÂÐ½hÂB»bÁ�¹�Í¢Ñ£Õ
Í£ÃgÕeõèÑ$Ãæ½eÑ�Ïþý�½hÂæÂgãzýþ¹�¼g¿2Ñ£Ãg»�¼g»Sõ�×­Án½hû�»bõ�Õ'Á$ó2Ñ£Õ�Õ'¼æ»,Í£ÂÐ»p�
åb¹r Ðå�Ãg»bÎæÁ£¹�Í�Ñ$¹�å�õ3»�Õ'ÏVÑn½h¹�¼�½�ÂæÁ£Õeºe½hÏæãzý�¿'ÕþÕVá®ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»
Án½eÑ$¹zÕ,Ñ£ÃÐ½eÑ�Õ'ÎgÑ£ÂB»bÁ£×­Õ'Á$û�Í�½'ãzã�Á$»SÍ£ÎgãzÑ$Í�óþ¼gÕeõ\¼2ÏÐ»b×­Õ'Á$»'ö

¬ ­ ��® ² ¶·aS¶È³ ² `�d ² ´°¯ú³ÐaSdgaS¶·³ ² `
÷�Ãg»�ùþÑ£»b¹�¼g»SÁIÑ£Á$»b»\ÂgÁ$Õ'Ïgã�»bû(¹z¼�¿'Án½hÂæÃæÍ-¹�Í áV»p æ¼g»Lá,½ZÍ-×­Õ'ã�ãzÕeõ�ÍSé
¸�¹�º'»S¼ ½è¿'Án½hÂgÃ¯Ä Å ÆÈÇ.É£Ê�Ëïõ\¹xÑ$Ã ½ ãz»S¼g¿hÑ$Ã¯×­Îg¼æå�Ñ£¹�Õ'¼

çïé\Êüê ì�½h¼Ðáä½�Í£ÎgÏæÍ£»�Ñ_Ò²±6Ç+Õh× Ø¡ÙbÚ!Û,Ü ÝBÞeß�à Õh×�Ñ$Ãg»º'»SÁ@Ñ$¹�åb»SÍôÕ'×�Ä�Ì. æ¼æáO½ïÍ£ÃgÕ'Á£Ñ£»LÍ�Ñ_¼æ»�Ñ�õ�Õ'Á$ó�å�ÕZ¼g¼g»Så�Ñ£¹�¼g¿�Ñ$Ãg»
º'»SÁ@Ñ$¹�åb»SÍ�¹z¼ Ò�ö³x�¼Tý ¼g»bÑ�õ3ÕZÁ£ó å�ÕZ¼g¼g»Lå!Ñ£¹�¼g¿OÑ$Ãg»äº'»bÁ£Ñ£¹�å�»LÍ
Õh×"Ò6¹�Í2åS½hã�ãz»Lá0½0í ØoÙ�Ü ÝGÙ�Ú�Ø Ú£ÙnÙ ×­ÕZÁ�Ò�ö´�O¹xÑ$ÃgÕ'ÎgÑ�ã�ÕZÍ$Í2Õh×
¿'»S¼g»bÁn½hã�¹zÑ�ý�õ�»�½'Í$Í@Îæû,»_Ñ£Ãæ½hÑ,Ä�¹�Í"½�åbÕ'û�Âgã�»�Ñ$»�¿'Án½hÂæÃ®½'¼æá
Ñ£Ãæ»�ã�»b¼g¿'Ñ£ÃïÕ'×�»S½ZånÃ�»SáV¿Z»�ÏB»�Ñ�õ�»b»b¼ïÑ�õ3Õ�º'»bÁ£Ñ£¹�å�»LÍ�µ�½h¼æá¨¶
»WwTÎæ½'ã�Í�Ñ£Ãg»ôã�»b¼g¿'Ñ£Ã�Õ'×�½úÍ£ÃgÕ'Á£Ñ£»LÍ�Ñ�Âæ½hÑ£Ã®ÏB»�Ñ�õ�»b»b¼«µX½h¼æá)¶Bö�o¼�¿'»S¼g»bÁn½hã ÌV½�ùþÑ£»b¹�¼g»SÁ\Ñ£Á$»b»�å�ÕZ¼TÑ$½h¹�¼æÍ�¼gÕ'Ñ�Õ'¼gã�ýôÑ£Ãæ»�º'»bÁ£Ñ£¹�å�»LÍ
×­Á$Õ'û Ò ÏæÎVÑ_½hã�Í@Õ�º'»bÁ£Ñ£¹�å�»LÍ�×­Á$Õ'ûøÇt·�Ò�öï÷�Ãg»SÍ£»2º'»bÁ£Ñ£¹�å�»LÍ
½hÁ$»_åb½'ãzã�»Sáäí Ø¡ÙbÜ ÝBÙbÚ � ñeÜ ÝæØÈà öú÷�Ãg» ßzÙbÝ�
'ØD¸ Õh×�½�ùTÑ£»S¹z¼æ»bÁ�Ñ$Á£»S»¹ ¹�Í�Ñ£Ãæ»�Í@Îgû�Õh×-Ñ£Ãæ»�ãz»S¼g¿hÑ$ÃæÍ�Õ'×I½'ãzã�»LáV¿'»LÍ�¹z¼�Ñ$Ãg»�Ñ£Á$»b»�½'¼æá
¹�Í�áV»S¼gÕhÑ$»SáOÏþý°ºBÆ ¹ Ë�öÀ÷�Ãæ» ßzñeà$à Õ'×�½�ùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b» ¹ ¹�Í
Ñ£Ãæ»�ãz»S¼g¿hÑ$Ã�Õh×�½�û�¹z¼g¹�û�ÎæûÀÍ£Âæ½h¼æ¼g¹z¼æ¿�×­Õ'Á$»SÍ@ÑI¹�¼ ¹ Í£ÎæånÃ,Ñ£Ãæ½hÑ
»S½ZånÃ�å�Õ'û�ÂBÕ'¼g»S¼TÑ;¹z¼�Ñ£Ãg» ×­ÕZÁ£»LÍ�Ñ-å�Õ'¼TÑn½h¹�¼æÍ�½eÑ�ãz»L½'Í@Ñ�Õ'¼g»¢ºZ»bÁ£Ñ£»p�
×­Á$Õ'û(Ò�ö-÷�Ãg»�ãzÕTÍ£Í Õ'×�½�ùTÑ£»S¹z¼g»SÁ¢Ñ$Á£»S» ¹ ¹�Í3áV»b¼æÕhÑ£»Lá,ÏTý�»@Æ ¹ Ë�ö¼3ã�»S½hÁ$ã�ý'Ì=Ñ£Ãæ»\ãzÕTÍ£Í-Õh×G½�¿'¹�º'»b¼�ùTÑ£»S¹z¼æ»bÁ Ñ$Á£»S»�åS½h¼,ÏÐ»�åbÕ'û�ÂgÎVÑ$»Sá
¹�¼�ÂBÕ'ã�ýT¼æÕ'û�¹�½'ã;Ñ$¹zû�»,Ïþý2ÎÐÍ@¹�¼g¿�½�û�¹z¼g¹�û�Îæû Í@Âæ½'¼g¼g¹�¼g¿_Ñ$Á£»S»
½hã�¿'ÕZÁ£¹zÑ£Ãæû2ö�gÕZÁè½ ¿Z¹zºZ»b¼�Í£»�ÑèÒ Õ'×�Ñ$»bÁ$û,¹�¼æ½'ã�Íâõ�» ág»b¼gÕ'Ñ£»ÀÏTý½¿¾ Ò�Æ·Ò7ËG½\û�¹�¼g¹zû"ÎgûèÍ@ÂÐ½h¼g¼g¹�¼g¿\Ñ$Á£»S» ×­Õ'Á�Òï½h¼æá�ÏþýeÀÂÁpÃ�Æ·Ò7Ë
¹zÑ$Í\ã�»b¼g¿'Ñ£Ã�ö�xÀí ØoÙ�Ü ÝGÙ�Ú�Û,Ü ÝæÜ ÛôÞeß-Ø Ú£ÙnÙ ×­Õ'Á�½ôÍ£»�Ñ�ÒâÕh×-Ñ£»SÁ£û�¹��¼æ½'ã�ÍSÌVáV»b¼gÕ'Ñ£»Lá_Ïþý ¾u½ Ò�Æ­Ò�ËI¹�Í�½"Í@ÃgÕZÁ@Ñ$»SÍ@Ñ3ÂBÕZÍ$Í@¹�Ïgã�»�ùþÑ£»b¹�¼g»SÁ
Ñ£Á$»b»�×­ÕZÁ\Ò�ö��¡Ñ$Í\ã�»b¼g¿'Ñ£Ã�¹�Í\áV»b¼gÕ'Ñ£»Lá�Ïþý0ÁWÀ�Ã�Æ­Ò7Ë�öxOùTÑ£»S¹z¼æ»bÁIÑ£Á$»b»�¹�Í åb½'ãzã�»SáyÄ �Vß ß ¹z×#½hã�ãþÑ£»bÁ$û�¹z¼Ð½hã�Í-½'Á£»�ã�»S½=ºZ»SÍ¹�¼èÑ£Ãg»�Ñ£Á$»b»ZöÅ�¡×�½0ùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b»�¹�Í�¼æÕhÑ�×­Îæãzã Ì�¹zÑ�åS½h¼�ÏB»
áV»Lå�Õ'û�ÂBÕZÍ£»SáD¹z¼TÑ$Õ)Ä �Vß ß1�nñeÛ � ñeÝBÙbÝæØÈà Ïþý0Í£Âgã�¹xÑ£Ñ£¹�¼g¿�Õhÿ�Ñ$Ãg»Ñ£»SÁ£û�¹�¼æ½hã�Í�Ñ£Ãæ½hÑú½'Á£»�¼gÕhÑ�ãz»L½=º'»LÍböÆxÇ�È© Ú£Ù!à!Ø Ú!Ü���ØoÙ�� ùþÑ£»b¹�¼g»SÁÑ£Á$»b»�¹�Í7½�×­Îgã�ãIùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b»�õ\¹zÑ£Ã�½eÑ�û�ÕZÍ@Ñy��Ñ$»bÁ$û,¹�¼æ½'ã�ÍSöq�3ý
Ñ£Ãæ» �nñeÝÐØÈÚ$Þ��bØÈÜ·ñhÝ Õ'×�½"Í£»�Ñ ¾ Õ'×;º'»SÁ@Ñ$¹�åb»SÍ3õ3»7Îg¼æáV»SÁ$Í@Ñ$½'¼æáôÑ$Ãg»Í£»�Ñ@Ñ$¹z¼æ¿_Õh×¢½hã�ã;ã�»b¼æ¿hÑ£ÃÐÍ\Ñ£Õ$�S»bÁ$Õ�×­Õ'Á7»SáV¿Z»SÍ\ÏB»�Ñ�õ�»b»S¼úº'»bÁ£Ñ£¹�å�»LÍ
¹�¼ ¾ ö

÷�Ãg» � ÙbÚ Ä ñeÚ!ÛôÞeÝb�nÙ®Ú$ÞeØ Ü·ñ Õh×�½'¼0½hÂæÂgÁ£Õ8�V¹�ûô½eÑ£¹�Õ'¼O½'ãz¿ZÕ/�Á$¹xÑ$Ãgû+×­Õ'Á�Ñ$Ãg»2ùþÑ£»b¹�¼g»SÁ�Ñ$Á£»S»_ÂgÁ$Õ'Ïgã�»bû ¹�Í�½h¼�ÎgÂgÂB»bÁ,ÏÐÕZÎg¼æá
Õ'¼�Ñ$Ãg»�ã�»b¼g¿'Ñ£Ã�Õh×GÑ$Ãg»7ùTÑ$»b¹�¼g»bÁ.Ñ£Á$»b»�×­Õ'Îæ¼æáôÏþý�Ñ$Ãg»�½hã�¿'ÕZÁ£¹zÑ£Ãæû
áV¹�ºþ¹�áV»Lá2ÏTý_Ñ£Ãg»�ã�»b¼g¿'Ñ£Ã�Õh×I½h¼�Õ'ÂgÑ£¹�û�½'ã�Í@ÕZãzÎgÑ£¹�Õ'¼�öÉ Ê�Ë ��]Ì��ÍB³Ðc=¶·a Ë`Î
7ÎgÁ"¹xÑ$»bÁn½eÑ£¹�º'»_½'ãz¿ZÕ'Á$¹xÑ$Ãgû+¹�Í�Ïæ½'Í£»Sá®ÕZ¼®Ñ£Ãg»�¿'»b¼æ»bÁn½hã�¹��L½eÑ£¹�Õ'¼
Õh×ôÑ$Ãg»�Á$»bã�½eÑ$¹zºZ»ï¿'Á$»b»LáVýâÃg»bÎgÁ$¹�Í�Ñ$¹�å�õ\Ãæ¹�ånÃ�õ�½'Í�Í@Îæ¿'¿'»LÍ�Ñ$»Sá
ÏþýÏ��½'Á£Âæ¹z¼æÍ£óþ¹_½h¼æá � »bã�¹zóZÕeºþÍ£óþý z�{W�8| ö ÷�Ãg»b¹�Á�½hã�¿'ÕZÁ£¹zÑ£Ãæû
áV»SÂÐ»S¼æáV¹�¼g¿ÓÕ'¼Ð�â½h¼Ðá Õ'¼èÍ@ÕZû�»ïå�Õ'¼ÐÍ�Ñn½h¼TÑ�Ñ ¹�Í�áV»S¼gÕhÑ$»Sá
ÏþýÒ��� ¦ ¸e,"Æ�ÑIË!ö �¡ÑOõ�Õ'Á$óVÍ�½'ÍX×­ÕZãzã�Õeõ�Íbé�½hû�Õ'¼g¿À½hã�ã!���
Á$»SÍ@Ñ£Á$¹�å�Ñ£»Sá�ùþÑ£»b¹�¼g»SÁ�Ñ£Á$»b»LÍ;ånÃgÕþÕTÍ@» ÕZ¼g» Ñ£Á$»b» ¹ Ñ£Ãæ½hÑ�û�¹�¼g¹zû�¹X�b»LÍ
Æ�ºBÆ ¹ Ë } Ñ"»£Æ ¹ Ë@Ë�ÓgÆÔÀÂÁWÃ�Æ­Ò7Ë(·«À!ÁWÃ�Æ·ÒqÓ ¹ Ë!ö"÷�Ãg»b¼�ÂgÎVÑ�Ò évÅ
ÒÕÓ ¹ ö-,�»bÁ$»�õ�»�áV»b¼æÕhÑ£»�ÏþýôÒÕÓ ¹ Ñ£Ãg»�Í£»�Ñ\Õh×�Ñ£»SÁ£û�¹�¼æ½hã�Í�Ñ£Ãæ½hÑ
¹�ÍôÕ'ÏVÑn½h¹�¼g»SáX×­Á$Õ'û	Ò�½h× Ñ£»bÁ�å�Õ'¼TÑ$Á$½Zå!Ñ£¹�¼g¿�Ñ£Ãæ»�Ñ£»bÁ$û�¹z¼Ð½hã�ÍôÕh×¹ ö�÷�Ãg»�½hã�¿'ÕZÁ£¹zÑ£Ãæû�Í@Ñ£ÕZÂæÍ�õ\Ãæ»b¼�ÀÂÁWÃ�Æ­Ò7Ë\Å � ö�÷�Ãg»,Îg¼g¹�Õ'¼
Õh×�½hã�ã-¿Z»b¼g»SÁ$½hÑ£»Lá3���ÈÑ$Á£»S»SÍ7¹�Í7Ñ$Ãg»"ÕZÎVÑ£ÂæÎVÑ�Õh×¢Ñ$Ãg»,½'ãz¿ZÕ'Á$¹xÑ$Ãgû�ö��½hÁ$Âg¹�¼æÍ£óT¹ ½'¼æá � »Sãz¹�ó'ÕeºVÍ£óþý2ÃÐ½=º'»"Í£ÃgÕeõ\¼�Ñ£Ãæ½hÑ�×­Õ'Á���êÖ�
Ñ£Ãæ»7ùTÑ£»S¹z¼æ»bÁ Ñ$Á£»S» ¹ ¿'»S¼g»bÁn½eÑ$»Sá"ÏTý�Ñ£Ãg»S¹zÁ�½hã�¿'ÕZÁ£¹zÑ£Ãgû Í£½hÑ£¹�ÍJ æ»LÍ

This paper appeared in: Proceedings of the Tenth Annual ACM-SIAM Symposium on Discrete Algorithms 1999, 448-453



£
ºBÆ ¹ Ë } Ñ"»£Æ ¹ ËØ× ÁWÀ0Ã�Æ·Ò7Ë(Ù {:} Ñ �uÚ0Û

ÛRÜ {:} ã�¼ ÀÂÁWÃ�Æ­Ò7ËÝ {:}ßÞ 'Rà ÁWÀ0Ã�Æ·Ò7Ë8áÆ � ö { Ë
��»ïáV»S¼gÕhÑ$»�Ñ£Ãg»ï½'ãz¿ZÕ'Á$¹xÑ$Ãgûâ��� ¦ ¸e,"Æ�ÑIË�¹�¼0Ñ$Ãg»�ãz¹�û�¹xÑ�	ê � ÏTý ¦ ¸e,�Æ�Ñ-Ë�öã�o¼ Ñ£Ãæ¹�ÍäÂæ½'ÂÐ»SÁXõ�»0õ\¹�ãzã2Õ'¼æãzý

ûô½hó'»�Í�Ñn½eÑ$»bû�»b¼TÑ$Í�½'ÏÐÕZÎVÑ�Ñ£Ãg»®ã�¹zû�¹zÑ�ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»�Õ'×�Õ'ÎgÁ
½hã�¿'ÕZÁ£¹zÑ£Ãgû�öä�OÃæ¹zã�»®Ñ£Ãg»�ãz¹�û�¹xÑ�ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»®õ\¹zã�ã�¼gÕ'Ñ�ÏÐ»
Á£»L½'ånÃg»Lá�¹z¼�ÂÐÕZãzýþ¼gÕZû�¹�½'ãgÑ£¹�û�»'ÌVÕZ¼g»7åS½h¼_¿Z»�Ñ.×­ÕZÁ�½'¼þý ~Õ��� ½
ÂÐÕZãzýþ¼gÕZû�¹�½'ãZ½hÂæÂgÁ£Õ8�V¹�ûô½eÑ£¹�Õ'¼�½'ãz¿ZÕ'Á$¹xÑ$ÃgûDõ\¹zÑ£Ã,½\Án½eÑ£¹�Õ\Ñ$Ãæ½eÑI¹�Í
Õ'¼gã�ý�Ïþý�½�×·½'å�Ñ£ÕZÁ�Õh× {�}ª~ ½=õ�½=ý�×­Á$Õ'û0Ñ£Ãg»3ãz¹�û�¹xÑ-ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»Zöx�ã�ã_ÂB»bÁ£×­Õ'Á$û�½'¼æå�»äÁn½eÑ£¹�ÕZÍ�¹�¼ÀÑ£Ãg¹�Í®Âæ½hÂB»bÁ®Ñ$Ãæ½eÑ�½'Á£»ä¿'¹�º'»S¼
½'Íú½Zå!Ñ£ÎÐ½hã�¼þÎgû�ÏB»bÁnÍ�½'Á£»®Á$Õ'Îg¼æág»SáDÎgÂ�ö6÷�Ãg»SÁ£»b×­Õ'Á$»'Ì�Í£ÎæånÃ
ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»�Á$½hÑ£¹�ÕZÍ\åS½h¼2ÏÐ»�Á$»S½ZånÃg»Sá�¹z¼�ÂBÕ'ã�ýT¼æÕ'û�¹�½'ãGÑ£¹�û�»'ö��»�ÑQåÑ¾Å�Æ�Ñ + ÉpæWæpæ�ÉçÑ`è'Ë_õ\¹zÑ£ÃQÑ +°é æWæpæ é Ñ�è0Å � ö
÷�Ãg»b¼�Ñ$Ãg» Ü ØoÙ�Ú$ÞeØoÙç�"Ú£ÙbßzÞhØÈÜDêeÙq
hÚ$Ù$Ù��/ëe¸gÙp�VÚ!Ü�à!ØÈÜ�� ×­Õ'Á.Ñ£Ãg»�º'»Så�Ñ£ÕZÁåÑ.Ì�� ¦ ¸e,"Æ/åÑ Ë3×­Õ'Á�Í£ÃgÕZÁ@ÑLÌVõ3ÕZÁ£óVÍ�½'Í�×­ÕZãzã�Õeõ�Íbé
]0��ÍB³æce¶·a Ë`Î ± �íì�î¨ï åÑ-ð
ÒRñ�é�Å Ñ$»bÁ$û,¹�¼æ½'ã�Í�Õ'×-Ä�ÅèÆ Ç¢É$Ê�Ëò¡³Ðc1ó évÅ { aL³ � ´�³

½hÂgÂæãzý ¦ ¸e,"Æ�Ñ`ô Ë3Ñ$ÕôÒRô�õ + Ñ$Õ�¿'»�Ñ�½_ùTÑ$»b¹�¼g»bÁ�Ñ$Á£»S» ¹ ô�ö
Ò ô évÅÓÒ ôÔõ +�÷ùø=ùTÑ$»b¹�¼g»bÁ\ÂBÕ'¹�¼TÑ$Í�Õh× ¹ ôJú

³Bµ�apûIµ;a]ü ½,û,¹�¼g¹�û�Îgû�Í@ÂÐ½h¼g¼g¹�¼g¿,Ñ£Á$»b»�×­ÕZÁ\Ò è
s�ÕhÑ$».Ñ$Ãæ½eÑ-Ñ£Ãæ¹�ÍI½hã�¿'ÕZÁ£¹zÑ£ÃæûDÁ$»bÂgÁ$»SÍ£»b¼TÑnÍ;½�¿Z»b¼g»SÁ$½'ãh×­Án½hû�»��

õ3ÕZÁ£ó7×­Õ'ÁI¹�û�ÂgÁ£Õeºþ¹�¼g¿\Ñ$Ãg»�ÂÐ»SÁ@×­ÕZÁ£ûô½h¼Ðå�»¢Án½eÑ$¹zÕ7Õh×BùTÑ$»b¹�¼g»bÁ-Ñ$Á£»S»
½hÂgÂæÁ£Õ8�V¹�û�½hÑ£¹�Õ'¼Ó½'ãz¿ZÕ'Á$¹xÑ$ÃgûôÍböÒ
7¼g»®åb½'¼Ó×­Õ'Á�»p�V½'û�Âgãz»�½hÂv�
Âgã�ý_Ñ£Ãæ¹�Í�×­Á$½'û,»Sõ3ÕZÁ£ó�Ñ$ÕôÑ£Ãæ»�½hã�¿'ÕZÁ£¹zÑ£ÃgûÒ� ¦ ¸e,"Æ/åÑ Ë�¹zÑ$Í£»bãz×�ÌgÑ$Õ
Õ'ÏVÑn½h¹�¼�½h¼�»Sº'»S¼�ÏÐ»bÑ@Ñ$»bÁ�½hÂgÂgÁ$Õ8�V¹zûô½hÑ£¹�Õ'¼ú½hã�¿'ÕZÁ£¹zÑ£Ãgû ×­Õ'Á�Ñ£Ãg»
ùTÑ£»S¹z¼æ»bÁ Ñ$Á£»S»\ÂgÁ£ÕZÏgã�»bû�ö`,�Õeõ3»Sº'»SÁSÌe¹zÑ.¹�Í »S½ZÍ@ý�Ñ$Õ�Í@»S»�Ñ£Ãæ½hÑ Ñ£Ãg»
ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»�Án½eÑ£¹�ÕúÕh×\Í£ÎæånÃï½h¼�½hã�¿'ÕZÁ£¹zÑ£Ãæû6åb½'¼ï½hã�õ�½=ýVÍ�ÏÐ»
ÏÐ»L½eÑ$»b¼úÏþýÌ� ¦ ¸e,�Æ/åÑ Ë�õ\¹xÑ$Ã�½ôÍ@Î�ýôåb¹z»S¼TÑ£ã�ý�ã�½hÁ$¿'»�¼þÎgû�ÏB»bÁ7Õh×
¹xÑ$»bÁn½eÑ$¹zÕZ¼æÍbö�o¼�Ñ£Ãg»3¼g»��þÑ�Í£»Så�Ñ£¹�Õ'¼�õ�»¢½h¼æ½'ãzý��b»IÑ$Ãg».ÂB»bÁ£×­Õ'Á$ûô½h¼æåb» Á$½hÑ£¹�Õ
Õh×`� ¦ ¸e,"Æ/åÑ Ë!ö
þ ] ² d��Ôÿ�`L¶·`�³ ò�a Ë ��]Ì��ÍÐ³Ðce¶­a Ë`Î�gÕZÁ�½2Í@»AwTÎg»b¼æåb»*Ñ-+ é Ñ"' é æpæWæ é Ñ è Å � Ñ£Ãg»�½hã�¿'ÕZÁ£¹zÑ£Ãgû� ¦ ¸e,�Æ/åÑ Ë-½hÂæÂgãz¹�»SÍI¹zÑ£»SÁ$½hÑ£¹�º'»Sãzý�½'ãz¿ZÕ'Á$¹xÑ$Ãgû � Ä��ïÆ�Ñ ô Ë�×­ÕZÁ ó Å{ ÉWæpæpæç��Ñ£Õ�½�¿'¹�º'»S¼�¹�¼æÍ�Ñn½h¼æåb»3ÄèÅ�Æ Ç¢É$ÊôÉ£çhÉ@Ò7Ë�Õh×VÑ£Ãæ»�ùTÑ$»b¹�¼g»bÁ
Ñ£Á$»b»,ÂgÁ$Õ'Ïgã�»bû�ö���»�Ñ1Á ô áV»S¼gÕhÑ$»"Ñ$Ãg»�ºe½hã�Îg»�Õh×.Ñ$Ãg»�Õ'ÂVÑ$¹zû"Îgû
Í@ÕZãzÎgÑ£¹�Õ'¼®ÏÐ»b×­Õ'Á$»�Ñ£Ãg» ó Ñ$Ã�¹xÑ$»bÁn½eÑ$¹zÕZ¼�Õ'×�Ñ$Ãg»�½'ãz¿ZÕ'Á$¹xÑ$Ãgû�öí��»
ûô½=ýX½'Í$Í£Îgû�»�Á8+�Å { ö¿��ý�º ô õ�»�áV»b¼æÕhÑ£»�Ñ£Ãg»�ãz»S¼g¿hÑ$ÃOÕh×

Ñ£Ãg»ôÍ£Õ'ã�ÎVÑ£¹�Õ'¼�Ñ£Á$»b»,Á£»bÑ£ÎgÁ$¼g»Sá�¹z¼�Ñ£Ãæ» ó Ñ$Ã�¹zÑ£»SÁ$½hÑ£¹�Õ'¼�ö��¡ÑnÍ�ãzÕTÍ£Í
¹�Í"áV»b¼gÕ'Ñ£»Lá®ÏTý�» ô öÂ��»�ÃÐ½=º'»íº]ñ2ÅÒÀ!ÁWÃ�½h¼æá«» ñ�Å � ö!��»
åb½h¼�ÏBÕ'Îæ¼æá�Ñ$Ãg»�ã�»b¼g¿'Ñ£ÃïÕ'×\Ñ£Ãg»�Õ'ÂVÑ$¹zû"Îgû Í£Õ'ã�ÎVÑ£¹�Õ'¼ï½h× Ñ£»bÁ ó
¹xÑ$»bÁn½eÑ£¹�Õ'¼ÐÍ�½ZÍ�×­Õ'ã�ãzÕeõ�ÍSé

Á ô ×�Á ô�õ + } » ôÔõ +y× ôÔõ +���� + » �Æ��Vö � Ë
÷�Ãæ»�×­Õ'ã�ãzÕeõ\¹�¼g¿�ãz»Sû�û�½�¿'¹�º'»SÍ�½�Í£¹zû�Âgã�»_ÏBÕ'Îg¼Ðá�ÕZ¼�Ñ£Ãg»

ãz»S¼g¿hÑ$Ã�º�è"Õh×-Ñ£Ãg»�ùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b»�Á£»bÑ£ÎgÁ$¼g»Lá�½h× Ñ£»bÁy�_¹zÑ£»SÁ$½hÑ£¹�Õ'¼æÍ
¹z¼0Ñ£»bÁ$ûôÍ�Õh×�Ñ$Ãg»®ãz»S¼g¿hÑ$ÃæÍ�Õh×�Ñ£Ãg»ïùTÑ$»b¹�¼g»bÁ�Ñ$Á£»S»SÍ�Ñ£Ãæ½hÑ�½hÁ$»
¿'»b¼æ»bÁn½eÑ£»Lá_¹�¼ú½hã�ã#ÂgÁ£»Sºþ¹zÕZÎæÍ�¹xÑ$»bÁn½eÑ$¹zÕZ¼æÍbö�
	��
����������� îb¸æÙ�ß�Ù�Ý�
hØÔ¸ º è ñ Ä ØD¸æÙ í ØoÙbÜ ÝBÙbÚ3Ø Ú£ÙnÙu
TÙ�ÝGÙ�Ú£ÞhØ¡Ù��
ò�ë�Þhß 
ZñhÚ!Ü ØD¸VÛ���������� åÑ� Þ Ä Ø¡ÙbÚ � Ü Ø¡ÙbÚ£ÞhØÈÜ·ñhÝgà�àbÞeØ Ü�à"!3Ù�à$#

º è × % è Û'& {:} ã�¼ º�è8õ +% è)(Æ��Vö £ZË
� Ü ØD¸ %:ô �'Ù*!¢ÝGÙ�� Ä ñeÚ ó Å { ÉpæWæpæ�É�� Þ=à Ä ñeß ßzñ/�Ià+#

% ô é�Å-,
. {:} ô�õ +���� + % � Ù {:} ãz¼0/2143657 1 Ú ·)º �Ñ � 89 Ù {:} Ñ"ô�$ÚÆ��Vö � Ë

ð�Ú£ñLñ Ä$:��-¹�Á$Í@Ñ�¼gÕhÑ$»�Ñ£Ãæ½hÑ\×­Õ'Á�½'¼þý_¼þÎgû�ÏB»bÁnÍ �<;>= ×@? ; ç
õ3»"Ãæ½=º'» = Æ {q} ãz¼BAC Ëy×D?#Æ {q} ãz¼EAF Ë�öªs�ÕeõèÏþý�ÎæÍ@¹�¼g¿�Æ � ö { Ë½h¼æáDÆ��Vö � Ë�Õ'¼æ»2åS½h¼�ÂæÁ£ÕeºZ»�Ïþý�¹z¼ÐáVÎæå!Ñ$¹zÕZ¼DÆ­Ñ£Ãg»úáV»bÑ$½h¹�ã�Íô½hÁ$»
ãz»b× Ñ�Õ'ÎVÑ�¹�¼�Ñ$Ãg¹�Í\»��þÑ£»S¼æáV»Lá2½'ÏæÍ@Ñ£Án½'å!Ñ!Ë!é

º ô } Ñ ô Û » ô × Á ô Û Ù {:} Ñ ô� ÚÌÛÆ��Vö?�'Ë
ÛRÜ {:} ã�¼ º ô�õ +ÁWô Û Ý {:} ÞHG'�à á× % ô ÛI& {:} ã�¼ º]ô�õ +% ô0(Æ��Vö � Ë

õ\¹zÑ£Ã2Ñ$Ãg»�×­Õ'ã�ãzÕeõ\¹�¼g¿�ÏBÕ'Îg¼æá�×­ÕZÁÕ»Dô�é
»Dô × %�ô Û Ù {:} ã�¼ / G 3657 G Ú ·�º]ôÑ ôÆ��Vö¢¡hË�3ý�û�½'óþ¹z¼g¿�ÎæÍ£»�Õh×-Ñ`è�Å � õ3»�¿'»bÑ�Ñ£Ãg»�áV»LÍ@¹�Á$»Sá�Á£»LÍ@ÎgãzÑSöKJ�o¼�Ñ£Ãæ»"×­ÕZãzã�Õeõ\¹�¼g¿�õ�»ô½hÁ$»�¿'ÕZ¹z¼æ¿�Ñ$Õ2åbÕ'û�ÂgÎVÑ$»�½�ÏBÕ'Îg¼æá

×­Õ'Á¨º�èDÑ£Ãæ½hÑïÕ'¼gã�ý áV»SÂÐ»S¼æágÍ�Õ'¼ÀÑ£Ãg»0º'»Så�Ñ£ÕZÁÏåÑ.öÖ÷;Õ�áVÕ
Í@Õ�õ3»2Ãæ½=ºZ»_Ñ£Õ�åbÕ'û�ÂgÎVÑ$»�Ñ$Ãg»�ûô½	�V¹zû"Îgû Õh×7Ñ£Ãg»2×­Îg¼Ðå!Ñ£¹�Õ'¼% è Û Ù {:} ã�¼ /ML 3657 L Ú ö

This paper appeared in: Proceedings of the Tenth Annual ACM-SIAM Symposium on Discrete Algorithms 1999, 448-453



�
÷�Ãg»�×­ÕZãzã�Õeõ\¹z¼æ¿ ×·½'å�Ñ¯õ\¹zã�ãÓÏB»�ÎÐÍ@»Lá	Í£»bºZ»bÁn½hãXÑ£¹�û,»LÍ

Ñ$ÃgÁ£ÕZÎg¿'ÃæÕ'ÎVÑ�Ñ£Ãæ»�ÂgÁ£ÕþÕ'×·Íbö-��»bÑ
NúÏB»�½"×­Îg¼æå!Ñ$¹zÕZ¼�¹z¼ = ö3÷�Ãg»b¼OO = &P& {:} ã�¼ = NQ( Û N ( Å N= } ãz¼ = N Û OO = NÆL�Vö �ZË
÷�Ãg»�¼g»p�TÑ�Ñ£Ãæ»bÕ'Á$»bû ¼gÕeõ0¿'¹�º'»SÍ3½�ÏBÕ'Îæ¼æá_ÕZ¼_Ñ£Ãæ»7ã�»b¼g¿'Ñ£Ãº è Õh×;Ñ$Ãg»�ùTÑ£»S¹z¼æ»bÁ\Ñ$Á£»S»�¿Z»b¼g»SÁ$½hÑ£»Lá_Ïþý�½hã�¿'ÕZÁ£¹zÑ£Ãæû´� ¦ ¸e,"Æ/åÑ Ë

Ñ$Ãæ½eÑ�ÕZ¼gã�ýäáV»SÂÐ»S¼æágÍ�Õ'¼ åÑ3ö s�ÕhÑ$»úÑ£Ãæ½hÑ�Í£¹z¼æåb»úõ3»�½'Í$Í@Îgû�»Á + Å { Ñ£Ãg»,ºe½hã�Îg»�º�è�¹�Í7Ñ$Ãg»ôáV»SÍ£¹zÁ$»Sá�½hÂgÂæÁ£Õ8�V¹�û�½hÑ£¹�Õ'¼úÁn½eÑ$¹zÕ
Õ'×-ÕZÎgÁ�½hã�¿'ÕZÁ£¹zÑ£Ãgû´� ¦ ¸e,"Æ	åÑ Ë!öR�S�	UTIVW	��X�W�*��� îR¸æÙ�ßzÙ�Ý�
hØÔ¸ º è ñ Ä ØÔ¸gÙ í Ø¡ÙbÜ ÝBÙbÚ�Ø Ú£ÙnÙ:
TÙ�ÝGÙ�Ú ©
ÞhØ¡Ù���òpë�Þhß 
ZñhÚ!Ü ØD¸VÛ���������� åÑ� Þ Ä ØoÙbÚ � Ü Ø¡ÙbÚ£ÞhØÈÜ·ñhÝgà�àbÞeØ Ü�àY!�Ù!à+#

º è × & Ñ-+ } Ù {:} Ñ-+� Ú & {:} ãz¼ �{:}ßÞ 5' (�( èZ��� ' = �ÆL�Vö �ZË
� Ü ØÔ¸ = ô �ZÙ�!.ÝBÙ���òpëÑ ô�õ + Û = ô ·)Ñ ô Å Ù {:} Ñ ô� Ú0Û ã�¼ {= ôÆL�Vö {W� Ë
ð�Ú$ñSñ Ä$: ��»�ÃÐ½=º'» OO º èAõ + %�è Å · {Ñ è8õ +ÆL�Vö {�{ Ë
÷�Ãg»SÁ£»b×­Õ'Á$»"½�¼g»Såb»SÍ$Í£½'Á£ýúåbÕ'¼æáV¹zÑ£¹�Õ'¼�×­Õ'Á�½_ûô½/�þ¹�û�Îæû Õh×¢Ñ$Ãg»
×­Îg¼Ðå!Ñ£¹�Õ'¼B%.è Û Ù {:} ãz¼ /ML 3657 L Ú ¹�Í% èº èAõ + · {Ñ èAõ + Û ãz¼ º èAõ +% è Å �ÆL�Vö {A� Ë�;»�Ñ = è"ÏB»�Ñ£Ãg»�Í£Õ'ã�ÎVÑ$¹zÕZ¼�Õ'×�Ñ$Ãg»�»WwTÎæ½hÑ£¹�Õ'¼

Ñ èAõ + Û = è Å ã�¼ {= èÆL�Vö { £ZË�o¼�Ñ$Ãg»3×­Õ'ã�ãzÕeõ\¹�¼g¿�õ�».õ\¹�ãzãTûô½hóZ»¢ÎæÍ£».Õh×VÑ$Ãg»3×·½'å!Ñ�Ñ£Ãæ½hÑ�Ñ$Ãg»wTÎæ½ZáVÁ$½hÑ£¹�å�×­Õ'Á$û =\[^]�= õ\¹xÑ$Ã ] ÏB»b¹�¼g¿�Ñ£Ãæ»"Æ��Õ· { ËI_2Æ��.· { Ë
ûô½eÑ$Á£¹�� Õh×úÑ$Ãg»èÍ@»Lå�ÕZ¼æá¯Âæ½'Á@Ñ$¹�½'ã2áV»SÁ£¹�ºe½eÑ$¹zÕZ¼æÍ�Õ'×XÆ��gö £TË�¹�Í
¼g»S¿Z½hÑ£¹�º'»�áV»p æ¼g¹zÑ3½eÑ Ñ$Ãg»�å�Á$¹zÑ£¹�åb½hãæÂÐÕZ¹z¼TÑSöI÷�Ãg¹�Í.åS½h¼�ÏÐ»7Í@ÃgÕeõ\¼
Ïþý�ÂgÁ£Õeºþ¹�¼g¿2Ñ£Ãæ½hÑ ] ¹�Í�½�áV¹�½h¿ZÕ'¼æ½'ã ûô½eÑ£Á$¹��®½hÑ�Ñ£Ãg»2å�Á$¹xÑ$¹�åS½hã
ÂBÕ'¹�¼TÑ2õ\¹zÑ£Ãâ½hã�ã7»S¼ZÑ$Á£¹�»SÍ�ÏB»b¹�¼g¿X¼æ»b¿Z½hÑ£¹�º'»Zö ÷�Ãg»®áV»�Ñn½h¹�ã�Í�Õh×
Ñ$Ãg»SÍ£»7åS½hã�å�Îgã�½eÑ$¹zÕZ¼æÍ¢½hÁ$»\ã�»�× Ñ3ÕZÎVÑ.¹�¼ôÑ£Ãæ¹�Í3»��þÑ£»S¼æáV»Láô½hÏæÍ@Ñ£Án½'å�ÑSös�ÕeõDÏþý�Í@ÎgÏÐÍ�Ñ$¹xÑ$ÎVÑ£¹�¼g¿_»AwZÎÐ½eÑ£¹�Õ'¼�ÆL�Vö {A� Ë�¹�¼ïÆ��gö £TË\½h¼Ðá�ÎÐÍ@¹�¼g¿Ñ è Å � õ�»�¿Z»�Ñ
º è × % è ÛI& {:} ãz¼ º�èAõ +% è�(× % è Û & {:} Ñ è8õ + Û % èº�è8õ + (

× %�èº è8õ + Û Æ�º èAõ + } Ñ èAõ + Û % è Ë
× = è Ñ èAõ +

,
. {:} èAõ '���� + % � Ù {:} ã�¼ /2143657 1 Ú ·�º �Ñ � 89 }}`= èa%.èAõ + & {(} ã�¼ º è8õ '% èAõ + (Æ��gö {W� Ëb Í£¹�¼g¿6Æ��gö �TËäõ3»(¿'»�Ñâ½'ÍÓ½ ¼g»Lå�»LÍ£Í$½hÁ$ý å�ÕZ¼æáV¹zÑ£¹�Õ'¼�×­ÕZÁ0½

ûô½	�V¹�û�Îgû Õh×�ÆL�Vö {p� Ë!é� Å · Ñ`èAõ +Ñ èAõ ' } %�è8õ +º èAõ ' }Æ��gö { �'Ë } ã�¼ º�èAõ '% èAõ + Û'& · {Ñ èAõ ' ( Û Ù {:} Ñ`èAõ +�ØÚ��»bÑ = èAõ +�ÏB»�Ñ£Ãg»�Í£Õ'ã�ÎVÑ£¹�Õ'¼2Õh×Ñ`èAõ ' Û = èAõ + ·)Ñ�èAõ + Å Ù {:} Ñ è8õ +� Ú Û ãz¼ {= èAõ +Æ��gö {A� Ës�ÕeõÀÆ��gö {W� Ë�åb½'¼�ÏB»�õ\Á£¹zÑ@Ñ$»b¼ú½'Í
º è × = è

,
. Ñ èAõ +

,
. {:} èAõ '���� + % � Ù {:} ãz¼ /21c3657 1 Ú ·)º �Ñ � 89 }} % èAõ + & {:} ã�¼ º�èAõ '% è8õ + ( á× = è Û & Ñ è8õ + Û % è8õ +{:} Þ L 365' } % èAõ + Û & {:} ãz¼ º èAõ '%.èAõ + (P(× = è Û % è8õ + Û & � Ñ èAõ +�Õ} Ñ�èAõ + }ù{�}} ��Õ} Ñ è8õ + Û & Ñ`è8õ ' Û %�è8õ +º èAõ ' ·�Ñ`è8õ + (�(× = è Û %�è8õ +º èAõ ' Û {�Õ} Ñ èAõ + ÛÛ Æ£Æ �Õ} Ñ èAõ +bËSº èAõ ' } � Ñ èAõ 'd% èAõ +SË× = è Û = èAõ + Ü º èAõ ' }

} Ñ�èAõ '
,
. {:} èAõ '���� + % � Ù {:} ã�¼0/ 143657 1 Ú ·�º �Ñ � 89 á

× = è = èAõ + Ü Ñ�èAõ '
,
. {:} èAõfe���� + % � Ù {:} ã�¼ /2143657 1 Ú ·�º �Ñ � 89} % èAõ ' & {:} ã�¼ º�èAõ\e% è8õ ' ( á

÷�Ãg»3Á£»LÍ@ÎgãzÑ�Í@Ñ$½hÑ£»Sá�¹z¼�Ñ$Ãg»3Ñ£Ãg»SÕ'Á$»bûD×­Õ'ã�ãzÕeõ�Í;ÏTý�¹�¼æáVÎæå�Ñ£¹�Õ'¼�öQJ

This paper appeared in: Proceedings of the Tenth Annual ACM-SIAM Symposium on Discrete Algorithms 1999, 448-453



�g ¯úµ Î �Tce¶·fZd��¢c	�þ`Sµ`�­aL`�gÕZÁ�½& ��V»Lá�ºe½hã�Îg»úÕ'×e��ÎæÍ@¹�¼g¿OÆ��gö �TË,½h¼æáâÆ��gö {A� Ë�Õ'¼g»úåb½'¼
»S½ZÍ@¹�ãzý�ÕZÂVÑ£¹�û�¹��S»�Ñ£Ãg»úºe½'ãzÎg»LÍ�Õh×eÑ + ÉpæWæpæ�ÉçÑ`è�Ñ£Õ®ÕZÏVÑ$½'¹z¼XÑ£Ãg»
ÏÐ»LÍ�Ñ�ÂÐÕTÍ£Í£¹zÏæãz»úÏBÕ'Îg¼Ðáä×­Õ'ÁÌº�èþöè÷�Ãg»�×­Õ'ã�ã�Õeõ\¹z¼g¿®Ñn½hÏgã�»�ã�¹�Í@Ñ$Í
Ñ£Ãg»ôÂB»bÁ£×­Õ'Á$ûô½h¼æåb»"Án½eÑ$¹zÕ2Õh×�Õ'ÎæÁ�½'ãz¿ZÕ'Á$¹xÑ$Ãgû�×­Õ'Á�Í£Õ'û�»ôÍ£û�½'ãzã
ºe½hã�Îg»SÍ�Õ'×-�_×­Õ'Á\ÕZÂVÑ£¹�ûô½hã�ãzý�ånÃæÕZÍ£»b¼2º=½'ãzÎæ»SÍ�Õh×-Ñ`ô@ö� Án½eÑ£¹�Õ{ { ö � � �� { ö �����£ { ö ���/�� { ö ��{W�� { ö ��{�{� { ö �]� ¡¡ { ö �]�/�

ööö ööö{]{ { ö �����{8� { ö ����¡
ööö ööö� h { ö �����

÷-½hÏæãz» � é�2I»SÁ@×­ÕZÁ£ûô½'¼æå�»7Á$½hÑ£¹�Õ,Õ'×������ ¦ ¸e,s�ÕhÑ$»�Ñ£Ãæ½hÑ�¹z¼�Ñ$Ãg»_Í@ÂB»Såb¹�½'ã.åb½ZÍ@»$�®Å { õ3»ôÕZÏVÑ$½'¹z¼�Ñ£Ãg»
½hã�¿'ÕZÁ£¹zÑ£Ãgû�Õ'× � »bã�¹�ó'ÕeºVÍ@óþý zr{W�	| õ\Ãg¹�ãz»"×­Õ'Á���Å � õ3»,Õ'ÏVÑn½h¹�¼
Ñ£Ãg»�½hã�¿'ÕZÁ£¹zÑ£Ãæû Õ'×(��½hÁ$Âg¹z¼ÐÍ@óþ¹�½'¼æá � »Sãz¹�ó'ÕeºVÍ£óþý z�{W�8| öe�o¼úÑ£Ãg»
ã�½hÑ@Ñ$»bÁ�åb½ZÍ@»ªÑ-+7Ãæ½'Í�Ñ$ÕôÏÐ»�ånÃæÕZÍ£»b¼�½'Í � æ � £ � ö-�gÕZÁ��ôÅù£,Õ'¼æ»
Ãæ½'Í7Ñ$Õ2ånÃgÕþÕTÍ@» Ñ�+"Å � æ � ����½h¼æá&Ñ"'�Å � æ �/� �æöy�o¼�Ñ£Ãæ»�åS½'Í£»�ôÅ {�{ Ñ$Ãg»�Í@»AwTÎg»b¼æåb»ôÆ�Ñ-+eÉWæpæpæbÉ�Ñ è Ë�ãzÕþÕZóþÍ\½ZÍ�×­Õ'ã�ãzÕeõ�ÍSé

Æ { æ £ � �VÉ { æ �]�/� É � æ?¡/� � É � æ ��{ �gÉ � æ � ¡ � É� æ £ ��� É � æ �/��� É � æ { ��£æÉ � æ {�{�� É � æ � �/£gÉ � Ë
÷�Ãg»�ã�½ZÍ�Ñ�Á$Õeõ0¹�¼�Ñ£Ãæ»�Ñ$½hÏæãz»�åbÕ'¼TÑ$½'¹z¼æÍ�Ñ$Ãg»�ã�¹zû�¹zÑ�ÂB»bÁ£×­Õ'Á��

ûô½h¼æåb»3Án½eÑ$¹zÕ�Ñ£Ãæ½hÑIõ�½'Í�Õ'ÏgÑ$½h¹�¼g»Lá�Ïþý�ÎæÍ£¹z¼æ¿�½�å�ÕZû,ÂæÎVÑ£»SÁ-ÂæÁ£Õ��
¿'Án½hû¯Ñ$Ãæ½eÑ7¼TÎæû,»SÁ£¹�åb½'ãzã�ý�»LÍ�Ñ$¹zûô½hÑ£»SÍ\Ñ£Ãg»�ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»�Á$½hÑ£¹�Õ
Õh×þÕ'ÎgÁ�½hã�¿'Õ'Á$¹zÑ£ÃgûO×­ÕZÁ�ã�½hÁ$¿'»Iºe½hã�Îg»SÍ#Õ'×��Göh��» Õ'ÏVÑn½h¹�¼�Ñ£Ãæ½hÑ#Ñ£Ãg»
ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»_Án½eÑ$¹zÕúÏB»bÃÐ½=º'»SÍ�Á£ÕZÎg¿'Ãæãzý®½'Í { æ?�/��� } � æ {�{p� Ó/�
õ\Ãg¹�ånÃ2¹�¼æáV¹�åb½hÑ£»LÍ�Ñ£Ãæ½hÑ�Ñ£Ãæ»�ãz¹�û�¹xÑ7ÂÐ»SÁ@×­ÕZÁ£ûô½h¼Ðå�»�Án½eÑ£¹�Õ�Õh×IÕ'ÎgÁ
½hã�¿'ÕZÁ£¹zÑ£Ãgû¯ã�¹�»SÍ�½hÑ { æ �����æö
i �"³ ² f]�·µ-´�¶ ² Í��0� Î dVckj�`��»�Ãæ½=ºZ»3ÂæÁ£»LÍ@»S¼ZÑ$»Sá,½�¿Z»b¼g»SÁ$½'ãþ¹xÑ$»bÁn½eÑ£¹�º'»3×­Án½hû�»bõ�Õ'Á$ó�×­Õ'Á ¹�û*�
ÂgÁ$ÕeºT¹�¼g¿�Ñ$Ãg»�½hÂgÂgÁ$Õ8�V¹zûô½hÑ£¹�Õ'¼ôÁn½eÑ£¹�Õ�Õ'×-ùTÑ£»S¹z¼æ»bÁ3Ñ£Á$»b»�½hÂgÂgÁ$Õ8���
¹zûô½hÑ£¹�Õ'¼�½'ãz¿ZÕ'Á$¹xÑ$ÃgûôÍbö���ý�½'ÂgÂgã�ýþ¹z¼g¿�Ñ£Ãg¹�Í3×­Á$½'û�»bõ�Õ'Á$ó�Ñ$Õ�Õ'¼æ»
Í@ÂB»Såb¹r Bå7½'ãz¿ZÕ'Á$¹xÑ$Ãgû õ3»�Õ'ÏVÑn½h¹�¼�½�¼g»bõ ùTÑ£»S¹z¼g»SÁ�Ñ£Á$»b»�½hÂgÂgÁ$Õ8���

¹zûô½eÑ$¹zÕZ¼O½hã�¿'Õ'Á$¹zÑ£Ãgû	õ\¹xÑ$ÃÓ½�ÂÐ»SÁ@×­ÕZÁ£ûô½'¼æå�»úÁn½eÑ$¹zÕ®Õh× { ö �����gö
÷�Ãg¹�Í�ÏB»S½hÑ$Í�Ñ$Ãg»�Í£Õ"×·½'Á\ÏÐ»LÍ�Ñ�óþ¼gÕeõ\¼2Án½eÑ£¹�Õ,Õh× { ö �/��� ö

÷�Ãæ»_¼þÎgû�ÏB»bÁ { ö?�/���2¹�Í�Õ'¼æãzý®½h¼®ÎgÂgÂB»bÁ"ÏÐÕZÎg¼æá�ÕZ¼�Ñ£Ãg»
ÂÐ»SÁ@×­ÕZÁ£ûô½h¼Ðå�»2Á$½hÑ£¹�Õ�Õ'×�Ñ£Ãæ»�½'ãz¿ZÕ'Á$¹xÑ$Ãgû � ¦ ¸e,�Æ/åÑIË�ö ��»�áVÕ
¼gÕhÑ.óþ¼gÕeõ�Õ'×;½h¼þý"Á$»S½ZÍ@ÕZ¼æ½hÏæãz»�ã�Õeõ3»SÁ¢ÏÐÕZÎg¼æá#ö ÷�Ãæ½hÑ3¹�Í.õ�»�áVÕ
¼gÕhÑ�»Sº'»b¼�óþ¼gÕeõ ½h¼þý�¿ZÁ$½'ÂgÃæÍ�õ\Ãg»SÁ£»ª� ¦ ¸e,"Æ	åÑ Ë\åb½'¼ú½'ånÃg¹�»bºZ»
½ïÂB»bÁ£×­Õ'Á$û�½'¼æå�»�Á$½hÑ£¹�Õ�Õh× { ö �göß�¡Ñ2¹�Í2ºZ»bÁ$ýXã�¹zóZ»bã�ýäÑ£Ãæ½hÑ�½'¼
¹zû�ÂgÁ$Õeº'»Lá�½h¼æ½'ãzýVÍ£¹�Í�Õh×æÕZÎgÁ ½hã�¿'ÕZÁ£¹zÑ£Ãgû ýþ¹�»bã�ágÍI½h¼�»Sº'»b¼"ÏÐ»bÑ@Ñ$»bÁ
ÏÐÕZÎg¼æá2Õ'¼�Ñ£Ãg»�ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»7Án½eÑ$¹zÕ�Õ'×`� ¦ ¸e,�Æ/åÑ-Ë�ö

÷�Ãæ»�¹xÑ$»bÁn½eÑ£¹�Õ'¼D×­Án½hû�»bõ�Õ'Á$óOÂgÁ$»SÍ£»b¼TÑ£»LáDÃæ»bÁ$»®åS½h¼è½hã�Í£Õ
ÏÐ»�½'ÂgÂgã�¹z»LáäÑ£ÕïÕ'Ñ£Ãg»SÁ�ùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b»�Ñ�ýþÂÐ»�ÂgÁ£ÕZÏgã�»bûôÍbö ÷�Ãg»
áV¹zÁ$»Så�Ñ£»Lá2ùTÑ$»b¹�¼g»bÁ�Ñ£Á$»b»�ÂgÁ$Õ'Ïgã�»bû z ¡ | ½h¼æá�Ñ$Ãg»�¿'Á$Õ'ÎgÂúùTÑ$»b¹�¼g»bÁ
Ñ£Á$»b»ôÂgÁ$Õ'Ïgã�»bû z � | ½'Á£»ô»p�g½hû�Âgã�»SÍ�Õ'×\Í£ÎæånÃ�ÂgÁ$Õ'Ïæãz»Sû�Í�õ\Ãg¹�ånÃ
Ãæ½=º'»�ÏÐ»S»b¼úÍ@Ñ£ÎæáV¹�»Sá2Á$»Såb»b¼TÑ£ã�ý'ö

÷�Ãæ»_Á$½hÑ£¹�Õ { ö?�/�]��ÂæÁ£»LÍ@»S¼ZÑ$»Sá�¹�¼®Ñ£Ãg¹�Í�ÂÐ½hÂB»bÁ�¹�Í�Í@Ñ£¹�ãzã.×·½hÁ
½=õ�½=ý�×­Á£ÕZûDÑ$Ãg».ÏB»SÍ@ÑIÂÐÕTÍ£Í£¹zÏæãz»�Æ­Îg¼gã�»SÍ$Í`2�Åys�2�Ë#ã�Õeõ3»SÁ�ÏBÕ'Îg¼æá
õ\Ãg¹�ånÃ�¹�Í�åbÎgÁ£Á$»b¼TÑ$ãzý0� ����{kl � ���]�íz � | ö�÷�Ãg»�¹�¼TÑ£»bÁ$»SÍ@Ñ£¹�¼g¿íwTÎg»LÍJ�
Ñ£¹�Õ'¼�Õ'×;Ñ$Ãg»�ÏÐ»LÍ�Ñ\ÂBÕZÍ$Í@¹�Ïgã�»�ÂB»bÁ£×­Õ'Á$ûô½h¼æåb»7Án½eÑ$¹zÕ"Õh×I½�ÂBÕ'ã�ýþ¼gÕ/�
û,¹�½hã�Ñ£¹�û,»"½hÂgÂgÁ$Õ8�V¹zûô½hÑ£¹�Õ'¼�½'ãz¿ZÕ'Á$¹xÑ$Ãgû¯×­ÕZÁ\Ñ£Ãg»,ùTÑ£»S¹z¼g»SÁ\Ñ£Á$»b»
ÂgÁ£ÕZÏgã�»bû ¹�¼�¿'Án½hÂgÃæÍ�Á$»bûô½h¹�¼æÍ�ÕZÂÐ»S¼�ö

�Ì��ò��Zc	� ² f��þ`
ªv�$¬��V��m.l�}bl@ronUp�qdr s+tuqwv
x"ydr\zYx{v�|}y�~k~���qM�wx{v}ywzYx"qwt������6|�v�|����2qw����H��r x"��|4ywt��f��p�ywt��Pq+z��6|��I��|4qwv�|�zY��x"��~��4qk��r�|�v
�cn��#l�}e�njnj!¦a�u�pZsLm��d��q��<m.pTph§þrbtg�h�'{�kV}Smoux§Z{D}Sp<�T}S§TpT¦Trbq�u�}SpTmI}by��-}L{}�kZ§Zq�j$l¢�'�nu�jnpZ�nj��¡�!�S�L¤k��n��M þ�S�L�ª ��¬��V�¡m.l�}bl@ron¢�3�0£Ð§TpT¦¤n¦¥��¨§,}Sq |IrSpZu"n¢§��2�'§þ¦ZrSp rSpT¦§�� �a©njnsLjn¦'��nHp��4qMq��«ªw|���x ¬^�cywzYx"q+t0ywtu�
�Hyw���wt�|��c��q­�®y�~k~���qM�wxY¯v}ywzYx"qwt°~��4qd��r�|�v±�cnk�#l�}e�njnjn¦Zu�pTsSmW�d��l@¦
m.pTph§þrbte�h�'{�kV}Smoux§Z{}Sp<�T}S§TpT¦Trbq�u�}SpTm¢}SyI�-}S{�kT§'q�j$l3�'�nu�jnpZ�nj��¡�!�S�k�w��nB�n¥$ o�+�'�ª �b¬��V�}m¢l�}Sl@ran¡§���²3l�u�sSpTuYn�³���¨�rbl�sLj£lMn��G��¨\t�jnu�pèrbpþ¦´m��i2}Lt�}Lm4©£�Zp¤n�µ¶~oqwr swt�qwv±x"ywr·¯�zYx{v�|¸y�~d~��4qM�wx�v�ywzYx"q+t¹�����6|�v�|�2qw�Bº�|�x»�$�az*|4��~ur»ywtuy+�E�w��y�~H�¼�f�ap�n
��l�}e�$jnj!¦Zu�pZsLm�}Sy"q��Tj½3u�phq��`m3pTph§TrSt<m
��§�� �o¾­m«§ë�h�'{�kV}Lmou�§Z{ }Lp¿³�u�mo�$l�j$q�jm.t�sL}Sl�uvq��Z{�m®�¡�!�L�S�k��n��d�$ =¥Z�S�ª ¥S¬��G�L�-j$l�{�rbp�rSpT¦±À7�w¥�rb{�rSuv�ej$lMnaÁ�vQ~���qwªw|4�}y�~k~6�4qM�wx{v}ywzYx"qwtH��2qw�±z��6|}�6z*|�x�t�|��}zY�4|�|«~���qk��r�|�v¿ÂL}S§Zl�pþrbt�}Sy�m.t�sL}Sl�uvq��Z{�m��$��¡�n�L�b¥���nu�S�'�� e¥=«S�'�ª ��¬�m��7�-}Sl��@�Tj$l�m�rSpT¦¹³�� � ©G�
³�§Un¦�U�6|BÃ¤¯"�6z*|�x{tu|��Ä�4y+zYx"q>x{t�w��y�~H�a�cnV�o¾�mQ§ÅÂZ���-}L{�kT§'q�u�pTs��b¤Æ�¡�!�S�k�d��nþ�=�w�M h�S¤L�h�ª ¤b¬Ç§��'��j$l�p,rbpþ¦Ç�G�o�;txrSmomo{�rbpTp¤n'�U�H|«�Hz*|�x{t�|��^~��4qk��r�|�v
�Qº�x{z��|4�M��|Ær�|�t��wz��a�¡È¨ywtu�¨Édn^¾ÈpZy�}bl�{�rbq�u�}Lp¦�#l�}e�njnmomou�pTs�£Ðj$qoq�j$l�m�d���¡�!�S�L�d��nB�$�e�� T�$�S¤h�ª ��¬Ç§��U�-�Trbl�u�~SrblMn\�3�U�-�Tjn~h§'l�u"nÐ��� �-�Tj$§TpTsonB©#��³\rbuYn\m��U²�}ejntYn�V� ²�§T�þr_rbpþ¦¦§��I£ÐuYn�µ�~k~6�4qM�wx{v}ywzYx"qwtÄydr �kqw��x{z��av
�«��q+�Æ�+xY¯�4|4�2z*|c�Ç�6z*|�x{tu|��°~���qk��r�|�v±�cn¤�#l�}e�njnj!¦'u�pTsLm3}Sy�q��Tj�½3uxpeq���m.pH�ph§TrSt'm°��§�� �a¾�m«§¾�e�'{�kV}Lmou�§T{ }SpE³�u�mo�$l�j$q�jÇm3t�sS}Sl�uvq��T{�m�¡�n�L�S�k��nB�n�k�� o�S«S«'�ª �b¬�m�� Ê¢� �-� �-t�jn{�jnpeq�u rbpþ¦Ë£�� �æl�jnwhuxm�rbpUnÌÁ�vQ~���qwªw|4�Ítuqwt6¯y�~k~��4q��wx{v�yk�2x{r x{zYsÎ�c|��c�or zY�D��qw�Ïv±x{tHx{v±�avËªw|���z*|4�Ð�cqwªw|��º�x{z��Ñ��|�t6�cx{zYs`��q+t6�czY�4ywx�t6zY�cn¦Ê;t�jn�£qol�}LpTu��D�-}Stxt�}aÒe§Tu�§Z{ }Lp�-}S{�kT§'q@rbq�u�}LpTrSt\�-}L{�kTt�j$�'uvq ��n'��¥3�L¤$�È«'�!¤anW�¡�!�S�L¤d�£�

This paper appeared in: Proceedings of the Tenth Annual ACM-SIAM Symposium on Discrete Algorithms 1999, 448-453



�
ª �b¬±½7�^²�rbl�son
²7� ¨\}Lp+Ó¡jnw=}h¦�rSpþ¦B¥�� ¥3r!whu"n�µ´~oqdr swr»qc�kyw��x{z��av
x"�y�~k~���qM�wx{v}ywzYx"qwtÅydr �kqw��x{z��avÐ��qw�¢z��6|Ä�w��qw�$~Å�6z*|�x�t�|��ÔzY�c|c|~��4qd��r�|�v±no�#l�}e�njnj!¦'uxpZsLm�}SyVq��Tj�½3u�phq��}m3pTph§TrStHm°��§�� �a¾�m«§�h�'{�kV}Lmou�§Z{â}LpÆ³�u�mo�$l�j$q�j�m3t�sS}Sl�uvq��T{�m��¡�!�S�L�d��n��L�+�$ a�L�S�h�ªv�!«�¬Ç§��-¨�r�l�kTu�pTmo~hu.rSpT¦�m��I©Vjnt�u�~=}�whmo~h��n�Õ�|�º´y�~k~6�4qM�wx{v}ywzYx"qwtydr �kqw��x{z��av
����qw�-z��6|E�Hz*|�x{t�|��EzY�4|c|¡~���qk��r�|�v±�cn±ÂL}L§'l�pþrSt�}Sy�-}L{7�Tu�pþr�q�}Sl�uxrStfÖ�kZq�u�{�u»©!rbq�u�}Lp����¡�!�S�k�w��nþ¥��� h¤L�h�ªv�L�£¬�×7� ÂZ� �#l$Ø}L{�jnt�rbpþ¦Ùm�� �eq�jnsLj$lMn�Ú�Õ}Û�¯*y�~k~���qM�wx{v}ywzYx"qwtÜydr �kqd¯��x�z��av±���2qw�«z��6|®�6z*|�x{tu|��
~6�4qk��r�|�v
��n���l�}e�$jnj!¦Zu�pZsLm��n¥Sq��Æm3po�ph§þrSt#�h�'{�kV}Lmou�§T{�}Sp��I�Zjn}Sl�j£q�ux�nrStIm3mokVjn�£q�m�}Sy��-}L{�kZ§Zq�j$l�'�nu�jnpZ�nj��¡�!�S�k�w��ng�L�b�$ h�d�S«h�ªv�$�!¬�×7���GrS~SrS�TrSmo�Tu,rSpT¦`m��}§�rbq�mo§'�hrS{�ran0µ
tÑy�~k~6�4qM�wx{v}ywz*|��qdr �azYx"qwt±��qw�®z��6|P�Hz*|�x{t�|���~���qk��r�|�vÑx{t��w�4y�~o�a�cn¤§�rbq��æ�uÂ=rbkÐ��b¥��¡�n�L�L«d��ng�w�w�$ h�d�w�h�ªv�M��¬�m���©Vjnt�ux~L}bwhmo~e��n
µ
t)ÈkÈ�Ý�Þw¯*y�~k~6�4qM�wx{v}ywzYx"qwtÜydr �kqw��x{z��avX��qw�z��6|0tu|�zYº^q+�cß¦�Hz*|�x{t�|��Ç~��4qd��r�|�v±nQm3t�sL}bl�u�q��Z{�u��!r��Ä�¡�!�L�w�k��n¥=¤w�$ e¥k�S«h�ªv�n¥b¬�m��7©Vjnt�u�~=}�w'mo~e��n�à°|�zYz*|��áy�~k~���qM�wx{v}ywzYx"qwt¿�cqw�at��w�<�2qw�Bz��6|t�|�zYº'qw�4ßPywt��
���H��r x"��|4ywt��Hz*|�x{t�|��^zY�c|c|�~���qk��r�|�v±�cnL�Bjn�@�TpZux�nrStl�jnkV}SloqQ� ��� �S¤+�È«L¤an�â3pTu�w=j$l�mouvq ��}byWÀ�uvl�sLu�pZuzrh�

This paper appeared in: Proceedings of the Tenth Annual ACM-SIAM Symposium on Discrete Algorithms 1999, 448-453




