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Å \�G]_DK�_DòPERA%LMNSðD\·_%GFH�_`CW_DG�QR\]CFN �b_`QONSAMK ADT<G�AMa�ñkòS\ba�\bK&QOEÎADT4òÏNPKB\]LDCF_`ñ�H�EUADT.û�N12
ñ�_`CFQONSQR\�LDCF_`ñkH�EYQOH�_`QeG�AMKuQO_DNÏK _DK \]ðD\bK»ñk_DNSCbf���QeNPE ï \bòPòq[nKBA ï K»QOH�_`Qe_pòPNÏKB\]LDCF_`ñ�H
ADT<_%û�NSñ�_`CFQONSQR\�LDCF_`ñ�H G]_DK�KBADQZG�AMKuQO_DNÏK�_%ó�NP_Da�AMK�ó��j?��Áß_pó�NP_DacAMK�ó»NPEÎQOHB\�LDCW_`ñ�H
QOH�_`QeNPEUADû�QO_DNÏKB\bó8T�COAMa�QOH�\ÙG�AMa�ñ�òP\]QR\�LDCF_`ñ�H»AMK»T�AMIBCYðD\]COQONÏG�\bEÎûJtÓCO\ba�A¡ðnNPKBL%AMKB\
\bóBLD\?ÃWf î H&I�E�QOHB\ÓóB\bEONPCO\bóüGWH�_`CF_DG�QR\]CFNf�b_`QONSAMK G]_DK½\b_DEONPòSt�ûs\%ADû�QO_DNPKB\bó½T�COAMa QOHB\
T�AMòPòSA ï NPKBL(ADû�ER\]CFð2_`QONSAMKu3Õ :[©C©�ÒCB«ª JnôX�s���®÷��Sô��pô�öK���SR·ø#ODùßø��(�`ö8O�´ÖR�úOôFôZIMú³ø�÷KJ]�Y�DöK�Íø`ù�öBþ(ø`ö�ô]õ`ô�öp÷nø`ù�ú
ù RÙø`ö�Oe�`ö���	%ù RT��Jnô]úRô%ô�±Dù þ��H��²³�Áö��Dö�´³ø�OS×�ø��Wô�ö��Øõ`ô�ú��ßùG�Wô�þ6²hJuù���J�ø`úOô·ö��P�¹�s�`ö�ösôY���Éô�O^�	Áø`ö ù�ö�O����WôYO$÷BøP��J]�SRZ�Pô�ö[I=��Jc��JuúOôFô�_¿UúS���R�_ î HB\·KB\bG�\bEOEONPQÉtÒADT<QOHB\·_`û�A¡ðD\�G�AMK�ó�NSQONPAMK»NPEÎADû&ðnNSAMI�E]f î HB\ÙEFI�Ø%G]NS\bK�G�tÓT�AMò12
òSA ï EYT�COAMa�QOHB\�EONPacñ�òS\ZT�_DG�Q®QOH�_`QÎQOH�\�G�AMa�ñ�òS\bac\bKuQYADT._DK»AJó�ó8ñ�_`QOH8ADT<òS\bK�LDQOH8_`Q
òS\b_DEOQ¹0�ðD\�G�AMK&QO_DNPK�EÎ_pó�NP_Da�AMK�ó0f Ð
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465�@?58Ù�ÙFÒK@�Ú}B«ª Jnô/�Y�P�Î÷8�Sô��cô]öK�Z�SR%ø]�°ù�ösôpIMú³øW÷�JC�SR%ø°^�ù�÷nø`ú��ßù��Éô(IDúRøW÷KJ��s�`öK�Íø`ù�öBþ
ø`ö ô]õ`ô�ö8÷nø`ù�úcù Rpø`ö�OÆ�`ö���	»ù R���Jnô�úOôÒô�±MùÏþ�����²³� ö��`ö�´Rø=OS×]ø=��ô�öK�eõ`ô]ú��ßùG�Wô�þ�²hJuù���J�ø`úRô
ö��=���s�`ö�ösôY���Éô�OÄ^�	%ø`ö ù�ö�O����WôYO�÷nøP��JÄ�SRT�Sô]ö%I=��Jc��JuúOôFô�_
Ñ :[©�Ò�@*Ó ý®LM_DNPK�QOH�NPEeGFH�_`CF_DG�QR\]CFN �b_`QONSAMK tnNS\bòPó�EÎ_Áñ�AMòStJK�AMacNP_DòqQONPac\·_DòSLDADCWNSQOH�a
QRApó�\]QR\bG�QÎ\]ðD\bK8ñk_DNSCFEUNPKÒG�AMa�ñkòS\ba�\bK&QOEYADT¤òPNPKB\]LDCF_`ñkH�E:ADT¦ûkNSñ�_`COQONSQR\ZLDCF_`ñkH�E]f

�Zû&ðnNSAMI�EOòPt î HB\]ADCO\ba meQRADLD\]QOHB\]C ï NPQOH/":ADCFAMòPòP_`COt»meLMNSðD\bEU_(GWH�_`CF_DG�QR\]CFN �b_`QONPAMK
ADTÎòÏNPKB\]LDCF_`ñ�H�E�ADTYû�NPñ�_`COQONSQR\cLDCW_`ñ�H�E·EOI�GFH½QOH�_`Q·QOHB\ÁLDCF_`ñ�H½_DK�ó½NSQOE(G�AMa�ñ�òS\ba�\bK&Q
_`CO\Ù\]ðD\bK8ñ�_DNPCYT CF\]\Df�ÎeKBT�ADCOQOI�K�_`QR\bòStÁQOHB\bER\ÙG�AMK�ó�NSQONSAMK�EY_`CO\�CF_`QOH�\]CÎQR\bGFH�K�NPG]_DòÛf�Å \
QOHB\]CF\]T ADCO\ ï _DK&QÎQRA%LMNSðD\Ù_pEONPa�ñ�òP\]CYG�AMK�ó�NSQONSAMK8LMI�_`CF_DK&QR\]\bNPKBLpQOH�_`Q®_pòÏNPKB\]LDCF_`ñ�HÓADT
_%û�NSñ�_`CFQONSQR\$LDCF_`ñ�H�_DK�ó»NPQOE®G�AMa�ñkòS\ba�\bK&Q®óBAÁKBADQ®G�AMK&QO_DNPK�_DK»\]ðD\bK�ñ�_DNSC¡f î AÁQOH�NPE
\bK�ó0i ï \�0kCFERQUñ�COA�ðD\�QOHB\$T�AMòPòSA ï NPKBL�òS\bacap_�3Õ :[©C©�Ò°ÛÝÜ ô��i® ^Fô�øÊ^�ù�÷nø`ú��ßù��ÉôÄIDúRøW÷KJÞ�SR]�·ù�ö�ù��X�[�ßOuô\IDúOôFô�øP�X�SôFø2þ�����JuúRôWô�_ª Jnô]ö°��JnôX�Y���®÷��Pô��pô]öK���SR$ù���þZ�¹ù�ösôpIMú³ø�÷KJ]O=�¡ô�þ�ö��P�H�Y�DöK�Íø`ù�ö�ø`ö�ô�õ`ô]öc÷Bø`ù ú�_¿UúS���R�_�`0\]Q(¬ óB\bKBADQR\ÁQOHB\ÓòPNPKB\]LDCW_`ñ�HâADT�®üf]Å \ÓH�_bðD\ÓQRA ñ�COA¡ðD\ÓQOH�_`Q(_DKutüQ ï A
KBAMKz2É_Dó*)R_DG�\bK&QZðD\]COQONPG�\bE�µ8_DK�ó]¸�NPK ¬ _`CO\(G�AMK�KB\bG�QR\bó ûJt»_DK�Anó�ó NÏK�ó�I�G�\bó»ñ�_`QOHqf` \]QXµK¶�µ%·Á_DK�óW¸�¶s¸s·pû�\%QOHB\Á\bóBLD\bE�NPK�®�G�ADCOCO\bEOñsAMK�ó�NPKBL8QRA QOHB\ÓðD\]COQONÏG�\bEQµ�_DK�ó¸pNPK ¬�f � NPK�G�\#µâ_DK�óW¸p_`CO\ÓKBAMK�2É_Dó�)R_DG�\bK&Q�NPK ¬"QOH�\]t�_`CO\Ò_Dó*)O_DG�\bKuQ�NPKÍ¬"_DK�ó
QOHB\]CF\]T ADCO\(QOHB\·\bóBLD\bE�µK¶�µ%··_DK�óÆ¸�¶s¸�·ÙNPKÄ® _`CO\·NÏK�G]NPóB\bK&Q]f î H&I�E ï \·ac_¡t _DEOEFI�a�\
QOH�_`Q�µ�¶�à}¸�¶bf � NÏK�G�\�® NPE<ûkNSñ�_`COQONSQR\UQOH�\ÎðD\]COQONPG�\bE�µ[·Y_DK�ó�¸�·YG]_DK�KBADQ4û�\Î_Dó*)O_DG�\bK&Q]f� NÏK�G�\Óû&tÿ_DEOEOI�acñ�QONSAMK½QOHB\bER\8ðD\]CFQONPG�\bEpH�_¡ðD\»óB\]LDCO\]\ _`QcòS\b_DERQcQOHBCF\]\ÒQOHB\]CO\8a·I�ERQ
\�¦BNPERQ®Q ï AÁKBAMKz2ÉNPK�G]NPóB\bK&QU\bóBLD\bEiµ ·sá _DK�óÄ¸ ·�â EOI�GFH»QOH�_`Q á°ãà â f6Á î _`[D\·_DE á _DKut
KB\bNPLMHuû�ADCZADTUµ�ó�N1a�\]CO\bK&Q®T�COAMaÌµK¶$_DK�ó�_DE â _DKut KB\bNSLMH&û�ADCZADT�¸�·(ó�N1a�\]CO\bKuQeT�COAMaµK¶:_DK�ó á ÃWfÀ` \]QUäÓCO\bERñ f�åcóB\bKBADQR\®QOHB\eðD\]COQONPG�\bEØNPK�¬�G�ADCOCO\bEOñsAMK�ó�NPKBL$QRA·QOHB\Î\bó�LD\bEµ[· á _DK�óÄ¸s· â NPK+®üf î HB\bK+µ%å%ä½¸ZNPEU_DK8NPK�ó�I�G�\bó+æ�ç�NPK ¬·f Ð

d®A ï ï \UG]_DK(\b_DEONPòSt$LMNPðD\Ø_ZEOIzØ%G]NS\bK&Q¦G�AMK�ó�NSQONSAMKÙT ADC._ZòPNPKB\]LDCW_`ñ�H�ADT�_eû�NPñ�_`COQONSQR\
LDCF_`ñkH8EOI�GWHÒQOH�_`QYQOHB\�LDCF_`ñ�HÒ_DK�ó8NPQOEYG�AMa�ñ�òS\bac\bKuQY_`CO\�\]ðD\bK8ñ�_DNSCUT�CO\]\DfÕ :[©C©�ÒÆèéÜ ô���®ê^Wôcø+ë=´S�s�`ö�ösôY���Éô�O]^�ù�÷nø`ú��ßù��ÉôQIMú³øW÷�J[_ ª JBô�ö�ù���þ6�°ù�ösôpIMú³øW÷�J ø`ö8O��JnôX�s���®÷��Pô��pô�öK���R�ù���þ��°ù ö�ôpIDúRøW÷KJÆO=�Áö��P�H�Y�`ö��Íø`ù ö�øDöâô]õ`ô]öc÷nøDù ú�_

j

This paper appeared in: European Journal of Combinatorics 16 (1995), 17-21



¿UúS���R�_ � NPK�G�\�® NPE<l?2ÉG�AMK�KB\bG�QR\bó%\b_DGFH%ðD\]COQR\�¦�ADT~®"H�_DE<óB\]LDCO\]\Î_`QhòS\b_DERQ<QOHBCF\]\Y_DK�ó
QOHB\]CF\]T ADCO\%û&t�` \bacac_�g8QOHB\ÁG�AMa�ñ�òS\bac\bKuQÙADTUQOHB\%òPNÏKB\]LDCF_`ñ�H ADT�® NÏE�\]ðD\bKüñ�_DNSC
T�CO\]\Df

@�COAMa î HB\]ADCF\ba m®T�AMòPòSA ï E:QOH�_`QY_DòPERA(QOHB\$òPNÏKB\]LDCF_`ñ�H%ADT�® G]_DK�KBADQYG�AMK&QO_DNPKÒ_DK
\]ðD\bK»ñ�_DNSCbf Ð
Ñ :[©�Ò�@*Ó @�COAMaì`0\bacap_ZgeNSQ._DòPEOAeT�AMòPòSA ï E,QOH�_`Q.QOHB\UG�AMa�ñ�òS\bac\bKuQ¤ADTk_ZòPNÏKB\]LDCF_`ñ�H
ADT:_8l?2Í\bóBLD\�2ÉG�AMK�KB\bG�QR\bóüû�NSñ�_`CFQONSQR\�LDCF_`ñkH NPEe\]ðD\bK ñ�_DNSCeT CF\]\DfT�³K G�AMKuQRCF_DEOQ$QRAÒQOH�NPE
QOHB\]CF\4\�¦BNPERQ _`COûkNSQRCF_`CFNPòPt®H�NSLMH�\bóBLD\�2ÉG�AMK�KB\bG�QR\bó(û�NPñ�_`COQONSQR\.LDCF_`ñkH�E ï H�AMER\4òPNPK�\]LDCF_`ñ�H�E
G�AMK&QO_DNPK»_DK8\]ðD\bK8ñ�_DNSC¡f î H�NPEØNPEYEFHBA ï KÓûJtÓQOHB\$\�¦B_Da�ñ�òS\�NPKÒ@¤NSLMI�CO\�gJf

í

Ç�ÈFÉ >A@*:°Û½î ý�û�NSñ�_`CFQONSQR\ZLDCF_`ñ�H8_DK�ó»NSQOEYòPNPK�\]LDCF_`ñ�Hqf

î HB\Yû�NSñk_`COQONSQR\YLDCF_`ñkHpG�AMK�EONÏERQOE<ADTqT�AMIBChG�ADñkNS\bE<ADTqQOHB\�ï�ð�ñ ðUQOH�_`Q:_`CO\eNPóB\bK&QON10�\bó
_DEUEOH�A ï KÓNPK%QOHB\�0�LMIBCO\Df��¶QUNPEh\b_DERt%QRA�ER\]\ZQOH�_`QUQOH�NPE4LDCW_`ñ�HÓNPEUl?2Í\bóBLD\�2ÉG�AMK�KB\bG�QR\bóqf
oØIBQØQ ï A(ADñ�ñ�AMEONSQR\eðD\]COQONPG�\bEØADT0QOH�\eNPK�KB\]C�
JI�_DóBCWNPòP_`QR\]CF_Dò�ADT NSQOEØòPNPKB\]LDCW_`ñ�HcT�ADCFa)_DK
\]ðD\bK»ñ�_DNSCbf

o:t QO_`[nNPKBL8_cï6ò�ñ òÓNPK�ERQR\b_Dó ADT:QOHB\�ï�ð�ñ ð·AMKB\cLD\]QOE�NÏK _DK�_DK�_DòSADLDAMI�E ï _¡tâ_`C2
û�NPQRCF_`CFNPòStÁH�NSLMHÒ\bó�LD\·G�AMK�K�\bG�QR\bó»û�NPñ�_`COQONSQR\$LDCF_`ñkH�E ï H�AMER\ÙòPNÏKB\]LDCF_`ñ�H�EUG�AMK&QO_DNPK�_DK
\]ðD\bK»ñ�_DNSCbf
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ó ô�ê�ê£¢�¤YíFè~¥�³K�QOH�NPE�ER\bG�QONPAMK ï \ ï NPòPò<EOH�A ï QOH�_`Q·K�\b_`CFòSt QOHB\ÁEO_Da�\ÁCO\bEOI�òSQOEÙ_DE(EOHBA ï KüNPK�QOHB\
òP_DEOQØEO\bG�QONSAMK8_`CO\$ð`_DòPNPóÁT�ADCUAJó�óÁñ�_DNPCFE]f.@¤NSCFERQ ï \$LMNSðD\�_�G�AMI�K&QR\]COñ�_`COQUQRA î H�\]ADCO\ba
meûJtcLMNSðnNPKBL(_ÙGWH�_`CF_DG�QR\]CFN �b_`QONPAMKÒADT,òPNÏKB\]LDCF_`ñ�H�E4ADT û�NPñ�_`COQONSQR\®LDCF_`ñ�H�EhQOH�_`QYG�AMK&QO_DNPK
_DKÒAnó�óÒñk_DNSCbf§Q¨ :[5K@*:�©õÛöª Jnô��¹ù�ösôpIMú³ø�÷KJÆ¬÷�SR%øÆ^�ù�÷nø`ú��ßù��Éô�IMú³ø�÷KJe® �Y�`ö��Íø`ù ö�þÁø`öÊ��O=Oc÷nø`ù�ú
ù RÁø`ö8O°�`ö���	�ù R���Jnô]úRô ô�±MùÏþ�����²³� ö��`ö�´¶ù ö8�]ùGOuô�öK��ôYO�I&ô�þ6µ�¶Yµ[· ø`ö�Oc¸�¶Y¸�·»ù�ö�® þ��z��J��JJø=�~µ ¶ ø`ö�O�¸ ¶ úRô�þÍ÷½_Hµ · øDö�O�¸ · ^Wô�� �`ö%I��p��O`ù ºeô]úRô]öK���Y��� �`ú���Sø2þFþbô�þT�SR���JBôZ^�ù�÷nø`ú��ßù��ÉôIMú³øW÷�J�®�ø`ö�O/�p�/O`ù ºeô�úOô�ö����s���®÷��`ösô]öK��þX�SR�®¼»Nµ[·H»�¸�·cúOô�þÉ÷½_¹®¾»NµK¶h»C¸�¶?_
¿UúS���R�_ î H�\®ñ�CFA&ADT NÏEhEONÏacNPòP_`ChQRA·QOH�\eñ�COA&ADT ADT î HB\]ADCO\ba m`f��³K�ERQR\b_DóÁADT¦òSA&AD[nNPKBL·_`Q
ñ�_`QOH�E®û�\]Q ï \]\bK�µK¶$_DK�ó°¸�¶ZCO\bERñ f8µ[·Ù_DK�óÆ¸�·ÙAMKB\�H�_DEeQRAÒòSA&AD[�_`QZñ�_`QOH�Eeû�\]Q ï \]\bKµK¶p_DK�óÊ¸�·ÓCO\bERñ0f�µ[·Ò_DK�óÊ¸�¶bf î HB\bKÿQOHB\Òñ�COA&ADTZNPE(\bEOEO\bKuQONP_DòÏòSt�QOHB\8EF_Da�\»_DE�T�ADC
î H�\]ADCO\ba m�_DK�ó8QOHB\]CO\]T�ADCO\�AMacNSQRQR\bó0f Ð
Å \ ï NPòPòsKBA ï EOHBA ï QOH�_`QÎ_cG�AMI�KuQR\]COñk_`COQYADTh`0\bacac_%l�_DòPERAcHBAMòÏó�EØT ADCÎAJó�óÓñk_DNSCFE�3Õ :[©C©�Ò]øìÜ ô���®ê^Wôcø+ë=´S�s�`ö�ösôY���Éô�O]^�ù�÷nø`ú��ßù��ÉôQIMú³øW÷�J[_ ª JBô�ö�ù���þ6�°ù�ösôpIMú³øW÷�J ø`ö8O��JnôX�s���®÷��Pô��pô�öK���R�ù���þ��°ù ö�ôpIDúRøW÷KJÆO=�Áö��P�H�Y�`ö��Íø`ù ö�øDö°��O=O�÷nø`ù�ú�_¿UúS���R�_h@BCOAMa î HB\]ADCO\ba g8NSQ�T�AMòPòSA ï E$QOH�_`QÙQOHB\%òÏNPKB\]LDCF_`ñ�H ADT¹® G]_DK�K�ADQÙG�AMK&QO_DNPK
_DKÒAnó�óÒñk_DNSCbfÅ \ ï NPòPò¦KBA ï EOHBA ï QOH�_`Q�_DòPEOA ¬(i0QOHB\cG�AMacñ�òS\ba�\bK&Q�ADT:QOHB\còPNPKB\]LDCW_`ñ�H�ADTH®üi
óBAJ\bEUKBADQUG�AMK&QO_DNPKÒ_DKÓAJó�ópñ�_DNPCbf�`0\]Q�µp_DK�ó/¸Îû�\e_DK&tpQ ï AcK�AMK�2É_Dó*)O_DG�\bKuQUðD\]COQONÏG�\bE
ADT ¬�f î HB\bER\·ðD\]COQONPG�\bE$_`CO\(_Dó*)O_DG�\bKuQ�NPKÆ¬�_DK�ó QOHB\]CO\]T�ADCO\(QOHB\]CO\(G�ADCOCO\bERñ�AMK�ó Q ï A
NPK�G]NPóB\bK&Qe\bó�LD\bE�ADT¹® QRA8QOHB\bER\cQ ï A ðD\]COQONPG�\bE]f � NPK�G�\(® NPE�l?2ÉG�AMK�KB\bG�QR\bóü_DK�ó û�N12
ñ�_`CFQONSQR\ZQOHB\]CO\�a·I�ERQØ\�¦nNÏERQU_DKÓ\bóBLD\�NPK/® QOH�_`QØNÏEUKBADQUNPK�G]NPóB\bK&Q ï NSQOHÓ_DKutÁADT QOH�\bER\
Q ï AÓ\bóBLD\bE]f$oØIBQ®QOH�NPEea�\b_DK�EeQOH�_`Qiµ8_DK�óÆ¸�_`CO\(G�AMK�KB\bG�QR\bó�ûJt»_pñk_`QOH ADT<òP\bKBLDQOH
g�NÏK ¬·f î HB\]CF\]T ADCO\ZµÓ_DK�óc¸Zó�AcKBADQYT�ADCFa
_DK8Anó�óÓñ�_DNSC¡f Ð
Ñ :[©�Ò�@*Ó ý®E·a�\bK&QONSAMKB\bóÿNPK�QOHB\ÒNPKuQRCFAJó�I�G�QONSAMK�^ \]tJK�NS\bòhH�_DEÙEOH�A ï KüQOH�_`Q�KBA
acNÏK�NPac_Dò,NPa�ñ�\]COT�\bG�QÎLDCF_`ñ�H G]_DK G�AMK&QO_DNPK _DK�\]ðD\bK ñ�_DNSC¡f�Å�HB\]QOHB\]C�_DK _DK�_DòPADLDAMI�E
ERQO_`QR\bac\bKuQpH�AMòPó�EÙT ADC�Anó�ó½ñ�_DNSCFE·NPE(ERQONPòÏòh_DK½ADñ�\bKÍ
&I�\bERQONSAMKÞ�mbg*�Íf�d®\]ðD\]COQOHB\bòS\bEFE
AMKB\ZG�AMI�òPópQOH�NPKB[(ADT0óB\�0sK�NPKBL�_ÙG]òP_DEOEhADT0LDCF_`ñ�H�E4EONPapNPòP_`C<QRA·QOHB\ZG]òP_DEOE ���i� iuû�I�Q4NPK
QR\]CFapEYADT.Anó�óÒñ�_DNSCWE]fhoØIBQeEONPK�G�\�_%ó�NP_Da�AMK�ó»óBA&\bE®KBADQÎG�AMK&QO_DNPK�_DK8Anó�óÒñ�_DNSC®_DK�ó
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ó�NÏ_Da�AMK�ó�2ÍT�CO\]\Zoh\]CFLD\$LDCF_`ñ�H�EØ_`CO\Z[nKBA ï KÁQRA(û�\Zñs\]CFT \bG�Q��mbl*�qQOH�NPE ï AMI�òPóÁKBADQØLMNSðD\
_DK8NÏKuQR\]CO\bEOQONPKBLcKB\ ï G]òÏ_DEOEUADT¤ñ�\]COT \bG�QULDCW_`ñ�H�E]f

ù ¡Àú�¡<è~¡4æ(ì�¡À¥�m���ûQü ý�þ�ÿ��Aþ������m*n?j �P� r(� x*�	� nsm�l~t�q ��
 ��qsn�q � v��m y oG{fk w t�qij�����%��qsn�q �c�=� r[qsns�m%��q���n�q�kfvsq!v�opm*n�n�v�k � � 
 Å�NPEOEbf��¦f¡^�_`COQONPK�2\`,IBQOHB\]C2\ÎeK�NSðsf�'®_DòPòP\�2pÅ�NSQRQR\bK&û�\]COL
^ _`QOHqf 2Éde_`QOIBCbf8bY\bNPH�\�Á³m��P�nm�ÃWi¦mDm��*.kmDmbj
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