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Exercise 8.1:
Consider the Maximum Weight Cut Problem, i.e. given a graph G and edge
weights c : E(G) → R>0, find a cut E ′ ⊂ E(G) with maximum weight c(E ′). The
problem is NP -hard even for c ≡ 1.

1. Show that the following algorithm is a 2-factor approximation: Denote V (G) =
{v1, . . . , vn} and set X := {v1}. For i = 3, . . . , n add vi to X if c(E({vi}, X)) <
c(E({vi}, {v1, . . . , vi−1} \X)). (2 Points)

2. Show that this problem can be solved in polynomial time if G is planar.
Hint: Use Exercise 7.1 and the fact that a connected planar graph is bipartite
if and only if its planar dual is Eulerian. (4 Points)

Exercise 8.2:
Let G = (V,E) be a graph that has an ear decomposition P0, . . . , Pk with P0 :=
({r}, ∅) and let T ⊆ V with |T | even. For an ear Pi we define the set of inner vertices
as in(Pi) := V (Pi)\

⋃k−1
j=0 V (Pj). Furthermore, we call an ear Pi pendant if E(Pi) > 1

and for every other ear Pj, i 6= j, with E(Pj) > 1 we have in(Pi)∩(V (Pj)\in(Pj)) = ∅
(i.e. no other non-trivial ear is “attached” to an inner vertex of P ). We set ϕ(Pi) := 1
if |E(Pi)| is even and ϕ(Pi) := 0 otherwise.

1. Let P be a pendant ear. Show that there exist F ⊆ E with |F | ≤ 1
2 |in(P )| +

1
2ϕ(P ) and S ⊆ V \ in(P ) such that, for every S-join J in G− in(P ), F ∪ J is
a T -join in G. (4 Points)

2. Show that τ(G, T ) ≤ 1
2(|V |+ ϕ(G)− 1), where τ(G, T ) is the minimum cardi-

nality of a T -join in G and ϕ(G) is the minimum possible number of even ears
(i.e. ears with ϕ(P ) = 1) in an ear decomposition of G. (2 Points)

Note: ϕ(G) = 0 if and only if G is factor-critical.
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Exercise 8.3:
Let G = (V,E) be a graph with edge capacities u : E → N ∪ {∞} and node
labels b : V → N. For X, Y ⊆ V denote by q(G,u)(X, Y ) the number of connected
components C in G − X − Y for which ∑

v∈V (C) b(v) + ∑
e∈EG(V (C),Y ) u(e) is odd.

Prove: (G, u) has a perfect b-matching if and only if for any two disjoint subsets
X, Y ⊆ V

q(G,u)(X, Y ) ≤
∑
v∈X

b(v) +
∑
y∈Y

 ∑
e∈δ(y)

u(e)− b(y)
− ∑

e∈EG(X,Y )
u(e).

(4 Points)

Deadline: Tuesday, December 4, 2012, before the lecture.


